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1. Introduction and Notations 



Let p be an odd prime and k a finite field of characteristic p. Let W — W(k) be 

the ring of Witt vectors with coefficients in k and Kq = W[^) its fraction field. We 

consider a finite, totally ramified extension K/Kq and denote by e = [K : Kq] the 

degree of the extension. Let us fix a uniformizer 7r € Ok with minimal polynomial 

E(u) € W[u] over Kq. Further we fix an algebraic closure K of K. 

Let F be a finite field of characteristic p and p : Gk ^ GL(V^) a continuous 

representation of the absolute Galois group Gk = G&\(K / K) of K in a finite 

dimensional F-vector space Vf whose dimension will be denoted by d. 

This datum is equivalent to a finite commutative group scheme Q — > Spec K with 

an operation of F: The -ftT-valued points become an F-vector space with a natural 

action of Gk and we want Q{K) and Vf to be isomorphic as F[Gk ]-modules. 

If F' is a finite extension of F, the representation p induces a representation p' on 

Vf = Vf<%F'. 

By the construction in Kisin's article [Ej, there is a projective F-scheme QTZv f ,q 
whose F'-valued points parametrize the isomorphism classes of finite flat models of 
Vf, i.e. finite flat group schemes Q — > Spec Ok with an operation of F' such that 
the generic fiber of Q is the Gk -representation on Vw in the above sense. 
Our aim is to analyze the structure of (some stratification of) GIZvw.q in the case 
d = 2 and k = ¥ p . 

First we recall some constructions from |Ki| . see also [PR2]. We assume k = ¥ p to 
simplify the situation. 

For each n let ir n 6 K be a p n -th root of the uniformizer ir such that ir? — 7r„_i for 
all n. Define K x = U„>i -^( 7r n) and denote by Gkoo = G&\(K /Koo) the absolute 
Galois group of K^ . 

For each algebraic extension F' of F we denote by 4> : F'((u)) — > F'((u)) the ho- 
momorphism which takes u to its p-th power and which is the identity on the 
coefficients: 



Denote by Mod/y,"^ the category of finite dimensional F'((u))-modules M to- 
gether with a c/)-linear map $ : M — > M such that the linearization id® $ : <p*M — > 
M is an isomorphism. The morphism are F'( (it)) -linear maps commuting with 
By ([E] 1-2.6, Lemma 1.2.7), there is an equivalence of abelian categories 



.pi 



Modi 



/¥'((u)) 



{ 



continuous Gkoc -representations 
on finite dimensional F'-vector spaces 



} 
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which preserves the dimensions and is compatible with finite base change ¥"/¥'. 
This is a version with coefficients of the equivalence of categories of Fontaine (cf. 

m, A3). 

Denote by (Mw, $) the d-dimensional F((u))~ vector space with semi-linear endomor- 
phism $, associated to the restriction of the Tate- twist Vf(— 1) to Gk^ under the 
above equivalence. By the descriptions in [Ki], the finite flat models Q — > Spec Ok 
of V ¥ correspond to F[u] -lattices 971 C M F satisfying u e 97t C ($(971)) C 971. Here 
($(971)) = (id<g> $)0*97l is the F[uJ-lattice in M w generated by $(971). 
Under this description the multiplicative group schemes correspond to the lattices 
971 such that ($(971)) = 971 and the etale group schemes correspond to the lattices 
with u e 97t = ($(971)). These lattices will be called multiplicative resp. etale. 
This construction is compatible with base change in the following sense. Suppose 
97t]fr C M F is a FJw] -lattice corresponding to a finite flat model Q of Vw- If F' is a 
finite extension of F with n = [F' : F] , then the F' [it] lattice 

97V = 97t§ F F' c M w = M F § F F' 

corresponds to the finite flat model Q' — Q K F F' of Vw . Here the exterior tensor 
product G F' is the following group scheme: Choose a F-basis ei . . . e„ of F'. 
Then Q KI F F' — 11™= l @ an d z ^ ^' operates via the matrix A £ GL n (¥) describing 
the multiplication by z on F' in the fixed F-basis. 

The scheme QTZv r ,o is constructed as a closed subscheme of the affine Grassmannian 
Grass M F for GL(M F ) and its closed points are given by 

(1.1) gn Vpt a(¥') = {F'M-lattices 97t C M r | u e 97l C ($(971)) C 971} 
for every finite extension F' of F. 

In the following we will forget about the Galois representation and finite flat group 
schemes and will consider lattices. We will drop the condition p ^ 2. All results 
hold for arbitrary p, except those using the interpretation of the closed points as 
finite flat group schemes. We will always assume that there exists a finite flat model 
for Vf at least after extending scalars. 

For each Q p -algebra embedding -0 : K — > Ko we now fix an integer v$ £ {0, . . . , d}. 
Denote by v = (v^)^ the collection of the and by r = v the dual partition, i.e. 

n = ti{ip | tty > i}. 

Kisin constructs closed, reduced subschemes 
whose F'-valued points are given by 

(1.2) GK v v ^o( ¥ ') = GK Vrt0 (W) | J(u\ {Hm))/u e m ) < r} 

for a finite extension F' of F (cf. [Ki], Prop. 2.4.6). Here J(w|($(OT))/ti e m) denotes 
the Jordan type of the nilpotent endomorphism on ($(97l))/w e 971 induced by the 
multiplication with u. Recall that for d = 2 

(1.3) M^^~{ ai+ zi a :; +b2 

for pairs (ai,bi) £ 1? with a t > b%. The local structure of GTZy^°Q is linked to the 
structure of the local models studied in [PRlj . These schemes are named " closed 
Kisin varieties" in |PR2] , 
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Kisin conjectures in ([Ki] 2.4.16) that, if End F [G K ] (Vf) = F, the connected compo- 
nents of GTi-y^ are given by the open and closed subschemes on which both the 
rank of the maximal multiplicative subobject and the rank of the maximal etale 
quotient are fixed. In ([Ki], 2.5) he proves this conjecture in the case d = 2, k = ¥ p 
and ity, = 1 for all ip. For d = 2 and = 1 for all ip this result is generalized by 
Imai to the case of arbitrary k (see [Im|). In this paper we want to analyze the 
situation in the case k = ¥ p , d = 2 but arbitrary v. It turns out that the conjecture 
is not true in general. Our main results are as follows. 

For (a, b) £ 1? with a > b, we introduce a locally closed subscheme of the affine 
Grassmannian 

Gv T (a,b) C Grass Mf, 

with closed points the lattices 97t such that the elementary divisors of ($(9Jt)) with 
respect to 9JI are given by (a, b). 

Theorem 1.1. Assume that (Mv, 3>) = (Mf0fF', <£>) is simple for all finite exten- 
sions ¥' ofF. 

(i) If <7v F (a, o) 0, there exists a finite extension ¥' o/F such that 

Gv F> {a,b)=G n (a,b) ® F F' = Af, 

(ii) The scheme QT^v^q is geometrically connected and irreducible. There exists a 
finite extension F' of ¥ such that G7ty^°Q ®f F' is isomorphic to a Schubert variety 
in the affine Grassmannian for GL(Mw)- 

The dimension ofGTi-y r °q is either L^^qrp-J or L^^qrp-J — 1. Here r» = ${ip \v^>i\. 

In the treatment of the reducible case we consider the set S(v) of isomorphism 
classes [M '] of one dimensional objects in Mod ^ which admit an F[u]-lattice 
Tt [M/] C M' such that ($(£DT [M ,])) = u e - ri Wt [M >}- We will define subschemes 

A lattice defines a closed point of X7 M ,-, if it admits a $-stable subobject isomorphic 
to 9Jt[ M /j. A lattice 9JI is called v-ordinary iff it defines a closed point of X7 M n for 
some [M 1 ] G <S(v). The subscheme of non- v-ordinary points will be denoted by Xq . 
We will prove the following Theorem. 

Theorem 1.2. Assume that (Mf',$) — (Mf(8) F F',$) is reducible for some finite 
extension ¥' of F. 

(i) The subschemes Xq and X7 Mr , are open and closed in G7Zy^°Q (8>f F for all 
isomorphism classes [M'j £ S(v). 

(ii) The scheme Xq is connected. 

(Hi) For each \M'] € S(v) the scheme X7 M n is connected. If it is non empty, it is 
either a single point, or isomorphic to Pi. 

(iv) There are at most two isomorphism classes [M 1 ] € S(y) such that X7 M n ^ 0. 

The structure of the subscheme XX of non- v-ordinary lattices is much more com- 
plicated than in the absolutely simple case. In general XX has many irreducible 
components of varying dimensions. The main result concerning the irreducible 
components of XX is the following theorem. 
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Theorem 1.3. // (Mg,$) is not isomorphic to the direct sum of two isomorphic 
one- dimensional <f>-modules, then the irreducible components of Xq are Schubert 
varieties. Especially they are normal. 

Theorem 1.2 proves a modified version of Kisin's conjecture in the case k = F p and 

d = 2, as follows. 

For an integer s denote by 

/-JT) V.IOC.S _ /^^V.IOC 

y n v r ,o c yK Vrfi 

the open and closed subscheme where the rank of the maximal <&-stable subobject 
Tli, satisfying ($(0Jti)) = u e - ri Wli, is equal to s. 

Corollary 1.4. Assume p ^ 2 and let p : Gk — * Vw be any two dimensional 
continuous representation ofGx- Assume that ~Eindp[G K ] (Vp) is a simple algebra 
for all finite extensions ¥' of ¥. Then GTV^°q' s is geometrically connected for all 
s. Furthermore 

(i) If s = 1 and End F /[ Gjc ] (Vp) = ¥' for all finite extensions ¥' ofW, then GT^y^°q' s 
is either empty or a single point. 

If s = 1 and End]pv[ Gji .](VF') = M2(F') for some finite extension ¥' of F, then 
GT^v^°q' s is either empty or becomes isomorphic to Fp after extending the scalars 
to F' F .' 

(ii) If s = 2, then QTZ^ ^ 8 is either empty or a single point. 

Acknowledgments: This paper is the author's diploma thesis written at the 
University of Bonn. I want to thank M. Rapoport for introducing me into this 
subject and for many helpful discussions. I also want to thank X. Caruso for lots 
of explanations on Kisin and Breuil modules and for his interest in my work. 

2. Some notations in the building 

The method of this paper is to determine all lattices in the building of GL2 (F((u))) 
that correspond to closed points of GH-y^Q- As we know that the scheme we study 
is a closed reduced subscheme of the affine Grassmannian, we can get information 
on the structure of G7ty^°Q by looking at its closed points. 

For the rest of this paper, we fix the following notations: Let (Mr, $) be the object 
in Mod,p~ ^ corresponding to the 2-dimensional Galois representation p on Vw. 

Let v = (tty)^ be a collection of integers v^, <G {0,1,2} for every ip : K — > Kq. 
Define 

(2.1) d' = J2 v ^- 

Denote by r = v the dual partition, i.e. 

ri = m I ^ > 2}. 

Denote by B the Bruhat-Tits building for GL2 (F((u))). For any finite extension F' 
of F the building for GL2 (F' ((«.))) will be denoted by Bp. We write 

B = [J Bp 

i' /i 
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for the building for GL 2 (F((u))). 

We choose an F((w))-basis ei,e 2 of M-p. Denote by OTto = (ei,e2) the standard 
lattice in the standard apartment Aq determined by ei,e2. In this apartment we 
choose the following coordinates: 

Let (m,n)o denote the lattice (u m e\, u n e 2 ). Further, we consider another set 
of coordinates given by [x,y]o = {^-^ t^t-)o for x, y £ Z, x = y mod 2; i.e. 
(to, n)o = [to — n, to + n] . 

Let q £ F((u)) x and set k = v u (q) £ Z, where v u is the valuation on F((w)) with 
v u (u) = 1. The basis e\,qe\ + e 2 of Mr defines another apartment A q which is 
branching off from the standard apartment at the line defined by x = k. Using the 
Iwasawa decomposition we find 



For arbitrary q £ F((w)) we choose coordinates in the apartments A q , similar to 
the case of Aq . Define 



Remark 2.1. (i) The systems of coordinates in the various apartments are compat- 
ible in the following sense: For any x, y £ Z , x = y mod 2 and q, q' £ F((it)) we 
have [x,y] 9 = [x, y] q i iff x < v u (q — q') which implies 



(ii) We will make use of these coordinates for arbitrary points in the building (not 
only points corresponding to lattices). We see that [x,y] 9 defines a lattice if and 
only if x, y £ Z and x = y mod 2. 

(Hi) We extend the above notations in the obvious way to the buildings B and Bw 
for arbitrary finite extensions F' of F. 

(iv) Two points [x, y] q , \x' , y') q £ A q define the same point in the building for 
PGLi (F((u))) if and only if x = x' . Thus the projection from B onto the build- 
ing for PGL 2 (F((w))) is given by the projection onto the x-coordinate for every 
apartment A q C B. 

Definition 2.2. Let 9Jt and 971' be lattices in Mp. Let a, b be the elementary 
divisors of 9Jt' with respect to 9JI, i.e. there exists a basis e' l7 e 2 of 9JI such that 
971' = (u a e[,u b e' 2 ). Define 

di(ffl,Wl') = \a-b\ 
d 2 {dJl,m') =a + b. 

Remark 2.3. These quantities have the following meaning in the building: 

If Tt = [x,y] q and Wl' = [x',y'] q ,, then d 2 (m,Tl') = y' - y. Further d^SDt.SDt') 

is the distance between 971 and 971' in the building for PGL 2 (¥((u))). Here, the 

distance between two lattices joined by an edge is equal to 1. This can be seen as 

follows: Assume that 971 = (ei,e 2 ) is the standard lattice and 97t' = A9JI = [x,y] q , 

with 



B= |J Aq. 



gGF((«)) 



(to, n) q — [to — n, to + n] q := (u m ei, u n (qe\ + e 2 )) £ A q . 



[x,y] q = [x,y] q , & [x,y] q £ A q n A q > & [x,y] q , £ A q f\A ql . 
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If a > b are the elementary divisors of 97T' with respect to 97t, then, by the theory 
of elementary divisors, 

di (971, 971' ) = a + b - 2b = m + n - 2 min v u (<Hj ) . 

on' an y m 
• • — — •— 

x v u (q) v u (q) 

Figure 1. The distance between two lattices in the building for 

PGL 2 (¥((u))) in the cases x < v u (q) and x > v u (q) > 0. 

If x = m — n < v u (q) or v u (q) > 0, then mhiij v u (ciij) — min{m, n} and hence 

di (971, 971') = a-b=\m-n\ = \x\. 
If x > v u (q) and v u (q) < 0, then min^j u u (tiy) = n + v u (q). In this case we find 

di (Tl,Wl') =a-b = m-n- 2v u {q) = (x - v u (q)) + (0 - v u (q)). 
Compare also Fig. 1 and Fig. 2. 

— • 

v u (q) 

Figure 2. The distance between two lattices in the building for 

PGL,2(F((u))) in the case x > v u {q) and v u (q) < 0. 

We see that the distance d\ (971, 971') only depends on a;, a;' (and on v u (q — q')), while 
^2(971, 97t') only depends on y and y'. 

Using this remark, we can extend the distances d\ and c?2 in an obvious way to the 
whole building B (and to 8, Bp). For example 

{x if x > 0, v u (q) > 

-x if x < 0, x < v u (q) 

x - 2v u (q) if v u (q) < x, v u (q) < 0. 

Lemma 2.4. Define d' as in \2.1\j . The closed points z 6 QTZy^°q(V) correspond 
to the lattices 971 C Mf which satisfy 

d 1 (97l,($(97t))) <n-r 2 

d 2 (97t,($(97t))) =2e-d'. 

Proof. If 971 C Mf is any lattice and if o, b are the elementary divisors of ($(971)) 
with respect to 971, then the above conditions read 

a — b < 7"i — r 2 

a + b = 2e - d! = 2e - (n + r 2 ). 
This implies u e 97t C ($(971)) C 971. The Jordan type of u on ($(97t))/ii e 97t is given 

by 

J{u\(<s>(vyi))/u"m) = (e-a,e-b). 
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Assuming a > b we find: 

J(u\ (q , m)/u . m ) < r & 

d = 2e — (ri + r 2 ). 

The lemma follows easily from this. □ 

Definition 2.5. A lattice 971 is called v- admissible if it satisfies 

di(M, ($(att)» < ri -r 2 and d 2 (9Jt, ($(2tt)» = 2e - d'. 

Let 971 be a lattice in Mp and A G GL 2 (^((m))) be a matrix. We will use the 
notation 97t ~ A if 97t admits a FjuJ-basis 6i,6 2 satisfying = Afrj. Similarly 

we will use the notation Mp ~ ^ (use a F((u))-basis of Mr). 

Lemma 2.6. For i — 1,2, Ze£ Zi G ^7?.y^g C (F) 6e closed points corresponding to 
lattices 971^ = [a^yi]^ € T/ien y\ = y 2 . 

Proof. Choose A,B E GL 2 (f((u))) such that 97t 2 = A97li and 97ti - B. Then 
97t 2 ~ cj)(A)BA~ 1 . Using the theory of elementary divisors it follows that 

v u {det B) = d 2 (m. l , ($(97t t )» = (p - l)u„(det A) + u„(det B) 

and hence v u (det A) = which yields the claim. □ 

Definition 2.7. For each m G Z define the following subset of 23: 

B(m) := (J {[x,y] q eA q \y = m}. 

q ef((u)) 

Viewing £7£^!q C (F) as a subset of B, Lemma l2~!6l implies: 

gn v v ^(f) c g(m) 

for some m = m(v) G Z. The subset B(m) is a tree which is (as a topological 
space) isomorphic to the building for PGL 2 (F((u))). 

The difference is that not every vertex represents a lattice: A vertex [x, m] q G B(m) 
represents a lattice 97t C Mf iff x = m mod 2. 

Remark 2.8. By construction we have 

QTi-Vrfi C Grass M F , 

where Grass Mp denotes the affine Grassmannian for GL 2 . Since the determinant 
condition in (ll.2p fixes the dimension 

dim ($(97l))/u e 971 = ^ = d', 

the closed subscheme G'R-y °o nes m a connected component of this Grassmannian: 
If 971 = A97?o defines a closed point (where 97to is the standard lattice and A is a ma- 
trix), then the valuation of det A is determined by the dimension of ($(971)) /u e 971. 

Definition 2.9. For a given collection v denote by G7ly r0 the closed subscheme 
of G7Z-v F ,o consisting of all lattices 97t such that dim (<f> (971) ) /u e 971 = J^^p v 4> ■ 

Proposition 2.10. If any two of the v^p differ at most by 1, then 

GK-Vjfi = y><-Vf,0 ■ 
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Proof. Let 971 be a lattice and a > b the elementary divisors of ($(971)) with respect 
to 97t. Then 97t defines a closed point of GTZvj.o ^ an d only if0<6<a<e and 
a + b = 2e — d' with d' = . ity. This is equivalent to 

a + b = 2e — d' 

a — b < max{d', 2e — d'}. 

Indeed, if a + b = 2e — d', then a — b < d! is equivalent to a < e, while a — b<2e—d' 
is equivalent to b > 0. 

Now if any of the differ at most by 1 we must have n = e (if all ity > 1) or 

r2 = (if all < 1). In both cases we find r\ — r 2 = max{cf, 2e — d'}. 

(See also [E], Prop. 2.4.6 (4) and [PRl] . Thm. B (iuj). □ 

3. The absolutely simple case 

In this section we will analyze the structure of GUy^ in the case where (Mg, $) is 
absolutely simple, i.e. for every (finite) extension F'/F there is no proper <&-stable 
subobject of (Mw>, $)• 

Lemma 3.1. //(Mf,$) is absolutely simple, there exists a finite extension ¥' of 
¥, a basis e±, e 2 of Mf and a £ F /x , s G Z satisfying 

< s < p 2 - 1 and s =k mod (p + 1) 

such that 

Mr ~ (J »') . 

Proof. This follows from ( [Caj . Cor. 8), except that we need to check that s ^ 
mod (p+ 1). If p+ 1 1 s, then there would be a proper <I>-stable subspace of Mf» for 
a quadratic extension F" of F', namely {\fau s / p+1 e\ + e 2 ) C Mf'®f'1F'|V^]- 
The constructions in [Ca| give a basis after extending scalars to the algebraic closure 
F of F, but of course this also gives a basis after finite field extension, as there are 
only finitely many equations to solve. See also ( |Imj . Lemma 1.2). □ 

For the rest of this section we fix the basis e\ , e 2 of Lemma 13.11 as the standard 
basis of Mf and use the coordinates introduced in section 2. Furthermore we fix 
the point 

(3.1) Pirred := ~^]o £ M C B. 

Proposition 3.2. (i) The map $ extends to a map B — > B also denoted by 
(ii) Let [x,y]o S Ao be any point in the standard apartment. Then 

$([^y]o) = [~PX + s,py + s] . 

(Hi) For any q € F((u)) x with k = v u (q) and [x,y] <E A q \Ao, i.e. x > k, the map 
$ is given by 

®([ x ,y]q) = \P X - 2pk + s,py + s] q > E A q > 
for some q' € F((u)) x with v u (q') — —pk + s ^ k. 

(iv) The point Pi rrc d, as defined in (\3.1\i . satisfies ^(Pirred) = Pirred- 

(v) If Q £ B is an arbitrary point, then 

dl(QMQ)) = (P+I)dl(<9, Prrcd) 
d2(Q,$(Q)) = (p-l)d 2 (Q, Pirred). 
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Proof, (i) We can use the expressions in (ii) and (Hi) to extend $. 
(ii) We have 

$(w m ei) = w pm $( ei ) = u pm e 2 
$( M "e 2 ) = w pn $(e 2 ) = au pn+s ei 

and hence $((m,n)o) = (pn + s,pm)o. The statement follows from this. 

(Hi) We put v u (q) = k and cf>(q) — au pk for some a € F[uJ x , If 971 = (m,n) q , then 

($(971)) = (u" m e 2 , u»"V(g)e 2 + ati» m+ "e 1 ). 

As 071 = [m — n, m + n] q ^ Aq we have m > n + fc. Hence 

($(£K)) = (u pm e 2 - a~ 1 u p{m - n - k \u pn (j)(q)e 2 + avP^d), u pn (j)(q)e 2 + aw pn+s ei) 
= (u p(m - fe)+s ei,u p( " +fe) (g'ei + e 2 )) 

with = a~ 1 att~ p ' c+s . And thus $((m, n) g ) = (p(m — fc) + s,p(n + k)) q > with 
v u(q') = —pk + s ^ k , as fc^O mod (p + 1). 
fro) Obvious. 

f») If 971 = [x, y] q , then the statement on d 2 follows immediately from (ii) and (Hi): 
d 2 (97t, ($(971))) = (p - 1)„ + « = (p - l)d 2 ([x, y] fl , -^] ). 



<*(a«)>. 

^p:r — 2pfc + s 




fe s/p + 1 — p fc + s 

Figure 3. The images of 971 and $(971) in the building for 
PGL 2 (f({u))) in the case 971 i A . 

For the statement on d\ first assume that 97t = [x,j/]o G Aq. Then (nj implies 

di(0rt, ($(971))) = |(p + l)a! - *| = (p + l)di([a;, y] , [^t, -^t]o). 

If 97t = [x,y]q € ^4 9 \^4o, then x > k and pa; — 2pk + s > —pk + s which implies 
($(971)) Ao- Now (Hi) implies 



di(97l, ($(971))) = (x- k) + | -pfc + s- k\ + (px- 2pk + s - (-pk + s)) 
= (p + l)(x - k) + (p+ 1) 

= f(p+l)(x-^) if^>^r 
\(p+l)(x-fc + ^-/c) iffc<^, 

using fc ^ — pk + s. In both cases the claim follows. (See also Fig. 3) □ 

Remark 3.3. The Proposition shows that the absolutely simple case is exactly the 
case discussed in ([PR2], 6.d, Al). The fixed point in the building is the point Pi rre d 
and its projection onto the building for PGL 2 (¥((u)j) lies on the edge between two 
vertices. The set of lattices 971 with di(97t, ($(971))) < n — r 2 is identified with a 
ball around this fixed point. 
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Let v be a collection of integers as in the introduction. By Lemma EH and Propo- 
sition BUM we find GTl^° c {¥) c B(m(v)), where 

(3.2) m(v) = (2e-d'-s)/(p-l). 

Corollary 3.4. The scheme GTZy^ is empty if 2e — d! ^ s mod (p — 1). 

Proof. This follows from Lemma 12.41 and Proposition 13.21 □ 




Figure 4. This picture illustrates the subset of v-admissible lat- 
tices in the case p — 3 and F = F3. This subset is given by all 
lattices Tl € S(m(v)) satisfying di(Wt, Pi rre d) < (n - r 2 )/(p+ 1). 
The fat points correspond to v-admissible lattices. 

Now we want to define locally closed subschemes of Grass Mf on which the elemen- 
tary divisors of ($(9Jt)) with respect to 9Jt are fixed. Define a function 

E : Grass M F -> Z 2 . 

For an extension field L of F and an £- valued point z € (Grass Mf)(£) consider the 
F[u]®F£-lattice 97t z in M^®^L corresponding to z. Then E(z) — (ji, j'2), where 
ji > J2 are the elementary divisors of (<&(9Jt z )) with respect to 3Jt z . Recall that 
there is a partial order on the pairs (a, 6) G Z 2 given by (|1.3|) . 

Lemma 3.5. TTie function E is lower semi-continuous with respect to the Zariski 
topology on Grass M$. 

Proof. Let 77 ~-> z be a specialization and let and 97t z be the lattices correspond- 
ing to the points 77 and z. Denote by E(rf) — (a(i]),b(r))) and E(z) = (a(z),b(z)) 
the elementary divisors of ($(971,,)) with respect to 9JL, (resp. the elementary divi- 
sors of ($(9Jt 2 )) with respect to 9Jt z ). We mark the specialization by a morphism 
/ : Spec R — > QTZy^ , where R is a discrete valuation ring with uniformizer t, The 
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morphism / defines a Rfu} -lattice WIr in MjQwR, After choosing a basis we find 
a matrix C = (c ti )ij G G£ 2 (#((«))) H M 2 (fl[u]) such that Mr ~ C. Denote by 
Cjj the reduction mod i of the matrix coefficients. Using the theory of elementary 
divisors we find 

b(rj) = minv u (cij) < minu„(cy) = b(z) 

l ,3 1>3 

and hence E(r]) > E(z) which yields the claim. □ 

Definition 3.6. Let (a, 6) £ 1? such that a > b. The "Kisin variety" associated 
to (a, b) is 

£y r (a,6) = E~ x (a,b) C Grass Mf. 

By LemmaOOil this is a locally closed subset and it will be considered as a subscheme 
with the reduced scheme structure (See also |PR2j ). 

Now we want to analyze the structure of Gvw( a > b) and GTiy^- We will make use 
of the following fact. 

Lemma 3.7. Let 61,62 be any basis of Mf. There exists a morphism 

X ■ Ajp, — > Grass Mf 

such that x( z ) = (61, zvT x b\ + 62) for every closed point z £ Af . The morphism x 
extends in a unique way to a morphism 

X ■ Pf -> Grass M f . 

T/ie image of the point at infinity is given by x(oo) = 61, 1*62) • 

Proof. Consider the family 

(6i,Tu- 1 6 1 + 6 2 )f[T]H C M f § f f[T] 

of lattices on A 1 = SpecF[T]. This family defines the morphism 
Let X be the closed subscheme of Grass Mf consisting of all lattices 971 that satisfy 
u{bi,b 2 ) C 97t C u~ 1 (bi,b 2 ) and that lie in the same connected component of 
Grass Mp as (61,62)- The scheme X is identified with a closed subscheme of the 
(ordinary) Grassmann variety GrasSf(4, 2) of 2-dimensional subspaces in F 4 . The 
morphism x factors as follows: 

Af s- Grass Mf 

X ^ Grassf (4, 2) — P§ 

where 1 is the Pliicker embedding. As X is projective, the valuative criterion shows 
that x extends in a unique way to P 1 . 

We view Grassf (4, 2) as the quotient GL 2 f\V, where V is the scheme of 2 x 4 ma- 
trices of rank 2 and GL 2 p acts on V by left multiplication. Now, the computations 
using Pliicker coordinates gives 

X ' [Z) = {z l) ' l{x ' {z)) = (-^0:0:0:1:0) 
for all closed points z £ A 1 (F) . Hence the extension to P 1 is 
{z x : z 2 ) h-> {-Zx : : : : z 2 : 0). 
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The image of the point at infinity is 

X((1:0)) = (J J q °) ~ (-1:0:0: 0:0:0). 

This is the lattice (u~ 1 bi, 7/62) . □ 

Remark 3.8. In the building, the F-valued points of the image of the morphism x 
can be illustrated in the following way (if the morphism is defined over F) : 




Figure 5. The morphism \ m the building for p = 5 and F = F5. 

Similarly, we can define morphisms Xi,X2 : — * Grass Mf such that 

im(xi) = {(u n - 1 b u u-^- 1 \zu- 1 b 1 + b 2 )) I z G F} U {( U - n 6i, u"o 2 >} 
im(x2) = {(« n 6i,ti- B (z6i + 6 2 )> I z G F} U {(u^b^u^)} 

Theorem 3.9. Assume that (Mf, $) is absolutely simple. Fix a finite extension ¥' 
o/F such that the normal form for $ of Lemma \37l\ is defined over F'. 
(a) For any (a, b) G Z 2 with a > b: 



Gv r (a,b) £ <^ a + b = s mod (p - 1) , 



pa + b = s mod (p 2 — 1) 
or pa + b = ps mod (p 2 — 1). 

27ms condition being satisfied, there exists an isomorphism 

Gv ¥ (a,b) ® r ¥' = Ay; 

n = Lfq-fJ • Further 

Gv r (a,b)= (J ^(a',6')' 

(a',&')<(a,b) 

ffc,) 27ie scheme GTiyj°o * s geometrically connected and irreducible. After extending 
the scalars to ¥' it becomes isomorphic to a Schubert variety in the affine Grass- 
mannian for Mp = Mf<X>fF' w«£/i dimension given by 

v.loc 



dim 



U-,0 



ri-'r 2 
p+1 



2e-d 



«"i*fte=L^?J + L^J ■ p-i ■ 
[Here as in the rest of the paper, [x\ denotes the integral part of a real number x] 

Proof, (a) Assume 9Jt G Gv r (a, b) ^ 0. Without loss of generality, we may assume 
$H = [a;, y]o G .4o: if is an arbitrary lattice, then there exists a lattice SDt' G *4o 
such that di(9JT, Pirrcd) = c?i(W, Pi-red) for i — 1,2 (compare Fig. 4, for example). 
By Lemma l3T2l( ^) and Definition \2.2\ the condition for 9Jt = [a:,y]o G Gv T ( a ib) is 

(p + l)di(3Jt, P irrcd ) = a - b (p - l)da(OT, fir»d) = a + 6. 
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By an explicit computation of these distances, this is equivalent to 



x p+i 



a—b I s _ a+b 

p+1 « ~ p-1 p-1 ■ 



The second equation gives s = a + b mod (p — 1) and the sum of both equations 
gives s = pa + b mod (p 2 — 1) if (p + l)x > s and ps = pa + b mod (p 2 — 1) if 
(p + l)x < s (using the fact that x + y and x — y are even). 

Conversely, suppose s = a + b mod (p — 1) and s = pa + b mod (p 2 — 1) and define 

_ a-b+s _ a+b-s 

p+1 " p— 1 ' 

Then we have y £ Z and i + 2Z. Thus [x,?/]o defines a lattice 9JI G <7y F (a, 6). 
If ps = pa + b mod (p 2 — 1) we use 

_ s-(a-b) _ g+b-s 

p+1 " p— 1 

Now fix the sum a + b and denote by y the integer solving the equation 

(p - l)y + s = a + b. 

Let us assume that x$ := Lp~fr[J = V m °d 2 (the case x ^ y mod 2 admits a 
similar treatment). In this case [a;o,?/]o defines a lattice 9Jto and we denote by X 
the connected component of Grass Mf containing 9Jt , i-e. X(F) = {9JI € #(?/)}■ 
For each to > 0, there is a morphism / m : Ap™ +1 — > X given by the family of 
lattices 

/ / 2m+l \ \ 



(zo+y)/2 m+1 



u m+1 e x , u (y-*o)/2 u -(m+i) ( ^ T . u «+*o) ei +e2 



i=i 



C M r g r (F'[T 1; ...,T 2m+1 ]) 
on A 2 , 1+1 = SpecF'[Ti, . . . , T 2m+ i]. Let = A 2 r +1 be its image. We have 
B(y) D V m (¥) = 

/o o\ 2m+l 

{(u^ +^/ 2 w m+1 ei, tt{»- ao J/ 2 tt-{ m+1 )(9ei + e 2 )) | q = ^ a;n i+a; °}, 

i=l 

with cii . . . a2m+i € F. Similarly, define for to > a morphism g m : A|™ — > X given 
by the family of lattices 

/ u (x +3/)/2 u -m L>i + ( £j T 4 u l - a;o )e 2 ^ , u (y - xo)/2 u m e 2 S j 

c M F /®F(r[ro,...,T 2w _i]) 

and let C/ m = A 2 ,™ be its image. We have 
B(y) D U m (¥) = 

(3 4) 2m-l 

V ' ' {(^ x ° + ^/ 2 w- ro ( ei + ge 2 ) , U to- x °)/ 2 u m e 2 ) | q = ^ a^ 1 "* }, 

i=0 

with ao . . . a 2m -i € F. It is easy to see that every lattice 9JI € B{y) is either of the 
form (13.31) or of the form (13.41) for some m > 0. Thus 



* = ( U u ( U c/ ™)- 

m>0 m>0 
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We claim 

(3.5) an e v m (f) =► di(*m, p irred ) = 2m + 2 - e 

(3.6) 371 G C/ m (F) =► ^(SOT, P irrcd ) - 2m + £, 
where £ = — x denotes the fractional part of . 

Indeed, if 971 G V" m (F), then 971 = [i + 2m + 2,y] q for some g G F((u)) with 
v u(9) > and hence 

di(SW, Pirred) = x + 2m + 2 - = 2m + 2 - £ 

The statement on i7 m follows by a more complicated computation or by a symmetry 
argument: The choice of apartments A q and coordinates [— ,— ] q depends on the 
order of e± and e 2 . Interchanging e± and e 2 yields expressions for the lattices 
971 G U m similar to the above expressions for V m (if 97t € U m is a lattice, then 
art = [— x Q + 2m,y] q for some q) while it maps the point Pi rro d to [— — ^3t]o 
and hence the claim follows by the same computation. 
Now equation (|3.5|) and (|3.6p together with Proposition 13.21 f«j imply 

, . V m (f ) c Gv F (aodd (m) , 6odd (m) ) (F) 

(3.7) 

f/ m (F) c 0y F (a e ven(w), "even 

(m))(F) 

for some (a dd(w), 6 Q dd(m)) , (a even (m), b even (m)) G Z 2 with 

a dd(m) + feodd(m) = aeven(m') + i) C vcn(m') = (p - + s 

(3.8) a odd (m) - b odd (m) = (p+ l)(2m + 2 - f) 

a C vcn(m) - b cvcn (m) = (p + l)(2m + £) 

and < £ < 1 implies that all these pairs are pairwise distinct when to runs over 
all positive integers. 

As U m and cover X, the inclusions in (|3.7|) are actually equalities. Further- 
more Vm = <?\/ F (a dd(?7z), 6 dd(m)) as schemes, as both are reduced locally closed 
subschemes of Grass with the same underlying point set. Finally (|3.8| yields 

dim V m = 2m + 1 = L2m + 2 - £J = r° it(m ^° id(m) j . 

The conclusion for U m is similar. 

To finish the proof of (a), it remains to show that U m C V m and V m -i C /7 m . We 
will prove the first assertion: the second is proved in the same way. 
Let zi € U m be an arbitrary point corresponding to a lattice 

Ml = { u {xa+v)/2 U - m {e 1 +qe 2 ) , u {y - x ° )/2 u m e 2 ) 
with q = J2i=o~ 1 a,iU l ~ x ° and let z 2 € V m be the point corresponding to 

97t 2 = {u (xo+v)/2 u m+1 e 1 , u^- Xo ^ 2 u-^ m+ ^e 2 ). 
There exists a basis b\ and b 2 of Mf such that 

(6i,6 2 ) = an = [x ,y] , 
( u - m b 1 ,u m b 2 ) = m 1 , 

{u m+1 b u u-( m+ % 2 ) =97t 2 . 

Explicitly, we may choose 

b x = u^ 0+J/ )/ 2 ( ei + ge 2 ) , 6 2 = u(»- x °)/ 2 e 2 . 
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Applying Lemma l3~7l (resp. Remark l3~8|) with the basis ub±,u 1 b 2 , we obtain a 
morphism \ : A^ — > Grass Mf that is given by x( z ) = (u m+1 bi, u~( m+l > {zub\ + 62)) 
on closed points and we easily find im^C V m ®p F. As V m <8>f' F is projective, the 
morphism \ extends to a morphism from P 1 to V m (E>w F and the point at infinity 
is mapped to z\ (Fig. 6 illustrates the image of the morphism x m the building. 
The fat points are the lattices in the image of x) • Hence z\ G V m (F) and the claim 
follows. 



1 






< 


) 

1 




\ \ Z2 ' 





A 2 A° A 1 A 3 



Figure 6. The stratification with affine spaces in the building. 
Fat points mark the image of an exemplary morphism \. 

(b) For a given collection v we have 

(3.9) ^!°o C = (J <3vM,b), 

a+b=2e-d' 
e — ri<6<a<e — r2 

where d! is the integer defined in ()2.1j) . Hence the scheme is geometrically irre- 
ducible, because the restriction of the order "<" on the pairs 

{(a,b) e I? I a + 6 = m(v)}, 

where m(v) is given by (|3.2[) . is a total order. Of course this also implies connect- 
edness. 

The dimension of GTi-y^Q is given by the dimension of the maximal affine space in 
(|3.9p . We assume that e is even, i.e. [ ri p + r ] 2 J + x o = m(v) mod 2. The computa- 
tions in the other case are similar. 

In this case the affine subspace of maximal dimension consists of all lattices 
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Wi G B(m(v)) with 

dl(SCT, JWO = ^([^o ~ L^?J."»(v)]0,^«red)- 

(if the latter distance is < ) or of the lattices with 

dl(aJl,P irr ed) - dl([3!o + L^J. m ( V )]0,-Pirred) 

(if di([xo — [ r ^~^ 2 j , to(v)] , Pirred) > ri p+i )■ Hence its dimension is either n := 
L T p+i -I ( m ^ ne ^ rs ^ case ) or rt — 1 (in the second case). This yields the claim on 
the dimension: 

dim 5<° C = L I p + T L - ^ttJ + L^J 

Jn if-^-L^j^r^-L^J 
\n-l i f-A_-L^J>^T 2 -L^J. 

We further see that the set of v-admissible lattices is exactly the set of lattices in 
B(m(v)) with 

(3 10) [X °' m(v)]0) " H ^ + ~ ^ " ^ 

di(97l, [xo + l,m(v)]o) < n — 1 otherwise 

and hence this is the set of lattices whose elementary divisors (a, b) with respect to 
a lattice 9T satisfy (a, b) < (a max ,b max ) for some given integers a max ,6 max . For 9T 
we choose one of the lattices 

[x ,m(v)] , [x ,m(v)-l] Q or [x + 1, m(v)] , [x + 1, m(v) - 1] 

depending on the cases as listed in (|3.10p and on x — m(v) mod 2. Since we know 
that QTil^°Q is reduced, we find that it is isomorphic to a Schubert variety in the 
affine Grassmannian after extending the scalars to F'. 

If e is odd, then the maximal affine subspace consists of all lattices 9Jt € B(m(v)) 
with 

dl(9Jl,P irr0 d) = dl([x + 1 + L^rJ,ra(v)]o,Pirred) 

(if the latter distance is < ri p +i 2 ) or of the lattices with 

di(9Jl,P irre d) = diQxo + 1 - l r -^\,m(w)] ,P imd ) 
(if di([ar + 1 + L^fWv^o.Pirred) > We find 



n 



if i - r-5 — I — n < ri ~ r2 - i ri ~ r2 1 

\n-l ifl-(^- L ^j)>^-L^J 
and the conclusion for the isomorphism with a Schubert variety is similar. □ 

As a consequence of the theorem, we may determine the cases when QTZy^ is a 
single point. 

Corollary 3.10. Denote by £ = — L^frJ ^he fractional part of 



C7? v,ioc _ , I + £ < <2 £ if L^-J - " 

y^Vj.O — l*J 1 1 c s- ri-r-2 ^ i i t .'jf I s | _t 2e-d'- 



mo 



2 e-d'-s 
p-1 



mo 



d 2 
d 2. 
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Proof. This is just the case where the dimension of GT^v ¥ °q is zero. More explicitly: 
If x = L^prJ = m-(v) mod 2, then [x ,m(v)] is the unique lattice with minimal 
distance d\ from Pi rre d- We have 

dl([xo,m(v)]o,Pirrcd) = £■ 

Thus this lattice is v-admissible if and only if r '~^ 2 > £. There is no other v- 
admissible lattice iff the lattices 9Jt with d\ (971, Pirred) = 2 — £ are not v-admissible. 
This yields the claim. 

The case xq ^ m(v) mod 2 is similar. Instead of [xo,m(v)]o we have to consider 
the lattice [xq + l,m(v)]o, □ 

4. The reducible case 

In this section we want to analyze the case, where (Mp, $) admits a proper <&-stable 
subobject, at least after extending the scalars to some finite extension of F. Before 
we start to determine the set of v-admissible lattices in the building, we want to 
formulate the precise statement on the connected components of GT^Vj°o • We first 
define some open and closed subschemes of QTZy^. 

Definition 4.1. For a G F x and j G Z> define (TV (a), ) by 

9JF'(a)=FH, $1(1) = au j . 

Definition 4.2. A v-admissible lattice 9Jt C Mf is called v-ordinary if there exists 
a short exact sequence 

(4.0.1) o^ (m e - ri (a),K' ri ) -» (3R,$) -> (OT e - r2 (6),$r r2 ) -» o 

for some a, 6 G F x . 

Remark 4.3. The determinant condition in (1 1 .2|) implies that 
(4.0.2) u e - ri 9Jt C ($(971)) C u e - r2 Wl 

for all v-admissible lattices 9JI. Hence the v-ordinary lattices are the lattices which 
admit a $-stable subobject with the minimal possible elementary divisors. If a v- 
admissible lattice (9JI, $) admits a subobject isomorphic to (9Jt e ~ ri (a), ^ ) f° r 
some a G F x , then the quotient has no w-torsion by (|4. 0.211 and is isomorphic to 
(9JT e_r2 (&), ®l~ T2 ) for some b G F x , because the sum of the elementary divisors is 
fixed by (| 1 .2ft . Hence (971, $) is v-ordinary in this case. 

Denote by <S(v) the set of isomorphism classes of one dimensional F((w))-modules 
M' with ^-linear map <&' ^ such that M' admits a (unique) lattice OTuvf'i C M' 
with ($(9Jt[M'])) = u e_ri 97l[M'] • The elements of S(v) are in bijection with the 
elements of F x : For each a € F x there is a unique isomorphism class represented 
by 

(4.0.3) (M ai $ a ) = (9r-^(a)[i],$r ri )- 

Set X = £7^;'° c ®w F. On X there is a universal sheaf of F[M]g f O x = OxN" 
lattices .M C Mp<%0x satisfying 

u e 7W c (id ®<S>)<j>*M C X. 

For each [M'\ G <S(v) define a sheaf of Ox-modules 

(4.0.4) T xm =Hom 0x {uiAW-{M']®tOx,M) 
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where the subscript $ indicates that the homomorphism have to commute with the 
semi-linear maps that are part of the data. 

Proposition 4.4. (i) For each [M'] G 5(v) the sheaf T[m'\ is a coherent Ox- 
module. 

(ii) A closed point x £ GTZy^ corresponds to a non-v -ordinary lattice if and only 
ifT [M >] ® k[x) = for all [M'\ G 5(v). 

Proof, (i) For the isomorphism class [M'\ we choose a representative of the form 
M a defined in (|4.0.3|) . Let U = Spec A clan affine open. We claim 

(a) Hom^[ u ] ^(OJI^'I^fA-M^)) is a finitely generated A-module. 

(b) IfV = SpecB C U is an affine open we have 

(4.0.5) Uom BM ^{m [A , P ]^iB,M{V)) S Eom AMt9 (Tt [M ']9fA,M{U)) ®a B. 
This implies the first part of the Proposition. 

Proof of (a): Because OJti m /] ®g A is a free ^4[[u]]-module of rank one, a morphism is 
given by the image of 1 and hence 

Hora AM ^{m [AP ]§>wAM(U)) = N A C M{U), 

where Na is the A-submodule of all v £ A4(U) satisfying = au e ~ Tl v. We 

claim that the reduction modulo u e+1 induces an injective homomorphism 

N A M(U)/u e+1 M(U) 

and hence Na is finitely generated as an yl-module, because the scheme X is noe- 
therian. Now, if ^ v — u n w £ Na with n > and w £ M(U)\uM(U), then 

U P"$( W ) = $(u n w) = au e ~ ri+n w 

and hence < e — ri — (p — l)n < e which implies n < e. 
Proof of (b): We have the following commutative diagram 

Hom A [„ L s(aK [M ']§FA M(U)) N A t M(U) 



Hom BM ^(Wl [MI] ® f B,M(V)) ^Nb^ M{V) = M{U)® A B 

As Na is a finitely generated ^4-module, we do not need to complete the tensor 
product to obtain N B from Na (there are only finitely many denominators) . Hence 
(|4.0.5|) is an isomorphism. 

(ii) Let [M'] £ <S(v) be an isomorphism class and suppose that x £ GTZ-v^q is a 
closed point corresponding to a lattice 9JI such that JW/i ® k(x) ^ 0, i.e. there 
exists a non trivial morphism 

/ : m [M>] -> m. 

As both sides are free F[[u]]-modules and the morphism is non trivial, it is injective. 
We have to convince ourselves that coker / has no u-torsion: in this case 9Jt is the 
extension of free FJuJ-modules of rank 1 (an extension of coker / by im/), and 
hence v-ordinary. 

We write /(l) = u n v for some n £ Z and v £ 3Jt\«9Jt and claim n = 0. Because 
of $(/(l)) = ,/($(l)) we find = a^i-tP- 1 )" g $(3Tt) C u e - ri 9Jt for some 
a G F x and hence n = 0. 
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Conversely, if Wl is v-ordinary, then the inclusion of the ^-stable subobject defines 
a nontrivial morphism 3Jt[M'l - > 9# for some [M'\ S S(y). □ 

Definition 4.5. For each isomorphism class [A/'] G <5(v) define 

=i x ^ Q n V'fi ®r F | ® «(ar) ^ 0}. 

Further define 

[M']e<S(v) 

By the Proposition below these subsets are open and closed and hence they come 
along with a canonical scheme structure. 

Proposition 4.6. (i) The subset XY M n is open and closed for each [M'] G S(y), 
(ii) The subset Xq is open and closed. 

Proof, (i) It is clear that XJ M ,^ is closed, as T[m'\ is coherent. We show that it is 
closed under cospecialization. 

Let r] ~* x be a specialization with x G XJ M ,^ and assume that a; is a closed point. 
We mark this specialization by Speci? — * X, where R is a discrete valuation ring 
with uniformizer t and residue field F. Denote by the i?[[u]]-lattice in Mf ®f i? 
defined by this morphism. Because of T^m 1 } ® K ( x ) 0, there is a non trivial 
morphism 9Jtrjw/i — > and hence there is a basis vector b\ G Mf such that 
«3>(&i) = au e ~ ri b\ for some a G F x . As SOTr is a free i?[w]-module, there is a basis 
of 9JIr such that 

*•-(; <)• 

for a, 7, <5 G i?[it], with a = au e ~ ri mod i. But the determinant condition in (|1.2p 
implies w M (a) > e — ri. Hence = e — r\ and ?y G -X?^,,] for some [M"\ G 5(v). 

If [M 1 ] = [M"\ we are done. 

Assume [M'\ ^ [M"\. As A^ f „j is closed, we have x G A^ f ,j n X7 M „y In this case 
dJlx admits two linear independent subspaces: 

JHx \ bu e - ri J 

and hence e — ri = e — r2. Now we easily deduce GTty^ = {Wl x } and the claim 
follows. 

(ii) This follows from the first part of the Proposition together with the fact that 
the one-dimensional ^-invariant subspaces of Mf which admit an integral model 
9JI with ($(971)) = u e ~~ Tl 9Jl run over a finite set of isomorphism classes of one- 
dimensional objects: 

Assume that there are two different one-dimensional $-stable subspaces (&i) and 
(62) of Mf such that <J>(&i) = aiu e ~ ri bi, for i = 1,2. Then b\ and 62 are linear 
independent. 

If eti 7^ 02, then (61 + 562) is not $-stable for all q G F((it)) x and hence there are 
only two isomorphism classes. 

If ai = a2, then there is a unique such isomorphism class given by [M a ]. □ 

We will see below that the open and closed subschemes X7 M n and Xq o{ QIZ^ ^ 
are connected and hence turn out to be the connected components of QTZ^/ q <8>f F. 
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Now we want to determine the subset of v-admissible lattices in the building. As 
we are assuming that (Mp, $) is reducible, at least after extending scalars, there 
exists a finite extension F' of F and a basis ei, e 2 of Mr> = Mf®fF' such that 



M v , 



au 7 
bu l 



for some a, b € F' x , 7 6 F'((u)) and s, i G Z with < s,i < p — 1. We choose this 
basis to be the standard basis. 

Lemma 4.7. (i) The map <£> extends to a map B — > B also denoted by 
(ii) For q € F((w)) and [a^y]? G -4g fie map $ is </ii>en 6j/ 

®([ x , J/]g) = b 21 + s - *>W + s + *]«' 
iwitft g' = b^ 1 u~ t (au s cj)(q) + 7). 

Proof, (i) We can use the expressions in fitj to extend <I>. 
(m,) We have <E>(u m ei) = au pm+s ei and 

$(tt n (gei + e 2 )) = u pn (au s : <j)(q)ei + jei + bu t e 2 ) 

= 6 M P"+*(fe- 1 U -*(7 + au^(g))ei + e 2 ). 

The Lemma follows from this. □ 

Corollary 4.8. The scheme GTZy^ is empty if 2e — d' ^ s + t mod (p — 1). 

Proof. This follows from Lemma 12.41 and Lemma 14.71 We have 

d 2 ([x, y] q , $([x, y] q )) = (p - l)y + s + 1 

and this distance must be equal to 2e — d' if [x, y] q is v-admissible. □ 

We assume that the scheme is non empty and define 

(4.0.6) ^ = [^,-^]eAcB 

(4.0.7) m(v) = 2e -^ s+t) € Z. 

These definitions imply ^7?.y^Q C (F) C B(m(v)). 

There are three different cases which we have to study in order to determine the 
set of v-admissible lattices. It makes a difference whether (M F , <£>) is a split or a 
non-split extension of two one-dimensional objects. In the split case there are two 
possibilities: Either the direct summands are isomorphic or non-isomorphic. 

4.1. The case (Mf, <I>) = (Mi, $1) 9 (Mi, $1). In this section we want to analyze 
the case where (Mf, $) becomes isomorphic to a direct sum of two isomorphic one- 
dimensional objects after possibly extending the scalars to some finite extension of 
F, i.e. we want to assume that there exists F'/F and an F'((w))-basis ei, e 2 of Mv 
such that 

W 
au s 



(4.1.1) Mf 



with a G F' x and < s < p — 1. We immediately find <&(P re d) = P-ed- 
For each z S P 1 (F) we define a (half)-line £ 2 C B(m(v)) by 

£ 2 ={[i,m(v)] 2 |i>0}cB(m(v)) if 2 e F = A 1 (F) 

£„, = {[z,m(v)] I x < 0} C S(m(v)). 
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These lines are denned in such a way that 

(4.1.2) T:= |J £ 2 =[jAn%(v)). 

The apartments on the right hand side are given by the basis ej., ze% + e-i and in 
this basis the semi-linear endomorphism $ is of the form (|4. 1 . 1[) . 

Lemma 4.9. Let Q G S(m(v)) be an arbitrary point. Let Q' G T be the unique 
point satisfying di(Q, Q') = d±(Q, T). Then 

dx{QMQ)) = (p + l)di(Q,Pred) - 2d 1 (Q',P Ted ) 

MQMQ)) = (P-I)da(0,-P«d). 

Proof. The statement on c?2 follows immediately from Lemma \4.7\ For the state- 
ment on di we assume Q' € £o ■ The cases Q' e £ z for z e F are analogous and the 
case Q' € £oo is obtained by interchanging ei and ea. 
First assume Q = Q' , i.e. Q — [x, m(v)]o € -Co- Then Lemma l4~7l implies 
$(Q) = [pi,pm(v) +2s] and hence $(<?)) = (p - l)x = (p- l)di(Q, P red ). 

Now assume Q ^ Q 1 . We write 

Q = [a;,m(v)]g , Q' = [x',m(v)] 

with x > x' — v u (q) S Z >0 . Then $(Q) = [px,pm(v) + 2s]^( g j by Lemma l4~7l 
Using v u ((j)(q)) — px' , we find 

$(Q)) = (x — x) + (px' — x') + (px — px) 

= (p + l)x-2x' = (p+l)d 1 (Q,P ied )-2d 1 (Q',P Ied ). 

□ 

Remark 4.10. This Lemma shows that the case of a direct sum of two isomorphic 
objects corresponds to the case B 2 in |PR2j 6.d: 

The unique point fixed by $ is the point P rc d and the projection of this point to 
the building for PGL2(F((u))) is a vertex. The link of this vertex is the projection 
of T and all the half-lines C z of T (for z e F 1 (f )) are fixed by $. 

Proposition 4.11. With the notations of Definition ^. 1\ and (\4-0-3l , \4-0. 7\ as- 
sume that 

(M f , $) = (971 s (a) [i], $:) © (OT s (a)[i], $:) 
for some a € F x and < s < p — 1. 

fij TTie schemes X7 M n are empty for all [M 1 ] € <S(v)\{[M a ]}. 
(m,) TTie scheme X7 M , is <?«?;e7i &?/ 

f i/m(v) + ^E?£2Z 
*[ V m o] = U*} ! /0 = ^£Z« n( i^E m (v) mod 2 
I P| «/ 7^ ^^Er e Z and *J=& ee m(v) mod 2. 
(mj If non empty, the scheme XT, is connected. 

Proof. We first claim that every v-admissible lattice 9Jt can be linked to a v- 
admissible lattice 9Jt' S T by a chain of P 1 . 

Assume 9JI = [x, m(v)] q T and let Q' S T be the unique point satisfying 
di(9Jt, Q') = rfi (SUl, T). Without loss of generality, we may again assume that 
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Q' = [x',m(v)]o G Cq. By construction we have 971, Q' G A q and we choose the 
following basis b\ , b 2 of 971: 

h = u^ x+m ^' 2 e 1 , b 2 = u^-^' 2 {qe x + e 2 ). 




[0,m(v)] o Q' 

Figure 7. The fat points mark the image of the morphism x m 
the building in the case p = 3 and F = F3 . 

Applying Lemma 13.71 with this basis yields a morphism x '■ ~^ Grass Mg with 
X(z) = [x, m{\-)] q+zul -i for z G F = A 1 (F) and x(oo) = [ x ~~ 2j w(v)] g . We have 

di(x(oc),P ied ) < di(x(z),P T ed) = di(m,P Ied ) 
for all z G F, while di(x(z),T) < di(97T,T) for all z G P x (f) and, by construction, 
di(x(oo),T)<di(3R,T). 

By Lemma T4.9I and Lemma T2,4^ the morphism x factors through G7Z-Vj°o an( ^ the 
claim follows by induction on the distance di(97t, T). 

Now we assume that SDT G T is a v-admissible lattice and we are looking for a 
v-admissible lattice 971' that can be linked with 971 by a P 1 and that has strictly 
smaller distance d\ from P rc d = [0, jzf]o than 971, i.e. di(97t', P re d) < di(97t, P re d)- 
We may assume 971 = [x,m(v)]o € £o- Assuming x > 1, our candidate for 971' is 
[x — 2, m(v)]o- Fixing a basis 

6l = u (-+m(v))/2 ei ^ ^ = u (m(v)-x)/2 e2 

of 971 so that 971' = (u &i,it6a) , yields a morphism x : Pf ~> Grass Mf with 
x(0) = 97t and x(°°) = 971'- This morphism factors through QTVy^°Q iff the lattices 
x(z) = [x, m(v)] zu x-i are v-admissible for all z G F\{0}.This is the case iff 

di(x(z), *(*(*))) = (P+ l)di(x(z),P rod ) - 2d x ([x- l,m(v)]o,P»d) 
= (p + l)x - 2(x - 1) = (p - l)x + 2 < n - r 2 . 
Consider the following subset of v-admissible lattices 

A/" = {971 G G1l^° c (W) I 971 £ T or (971 G T and di(£Dt, P red ) < ^^f^)}- 

So far, we have shown that all v-admissible lattices Wl € M can either be linked to 
the lattice [0, m(v)]o or to one of the lattices 

(4.1.3) {[1, m(v)] z I z e F} U {[-1, m(v)] } = {971 G B(m(v)) | di(97t, P rcd ) = 1}. 
by a chain of P 1 . Here, the two different cases depend on m(v) mod 2. Hence the 
subset of GTiy F °o ® F ^ gi ven by the lattices in N is connected: using Remark l3~8l 
again, the set in ()4.1.3|) forms a P 1 . The Proposition now follows from the following 
two facts: 

(a) If 971 G N, then 971 is not v -ordinary, i.e. Af_C X%(f). 

(b) If 971 <£ N is v-admissible, then 971 G X? M , (F) and 

(4.1.4) 971 G {ft=p ,m(v)], | 2 G F} U {[-^, m(v)] }. 
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By Remark OLE! this set forms a P 1 if r\ ^ r 2 . Otherwise it is a single point. 
Proof of (a): If SOT G T, then di(Wt, (<&(2rt))) < n - r 2 - 2 < n - r 2 and hence the 
elementary divisors of ($(97t)) with respect to £Ul are not given by (e — r%, e — ri). 
If 97t ^ T, say 971 = [a;, m(v)] g with x > v u {q) > for example, then 97t — (61,62) 
with 

1 fx+m(v))/2„ 7 (m(v)-x)/2i . \ 

61 = u v v ;;/ ei , 62 = u y y ' " (qei + €2) 

and one finds 

( g— 1 , , , n p— 1 , > p+i . N 
— r; — (a:+m(v))+s // \ — r; — rniv) ^ — x+s 

»» 2 1 K " a<j>(q)u 2 y > 2 ^ 
ott T-(*»(v)-«)+« 

with w u (ai2) < v u (a\\), because v u (q) < x, and hence the minimal elementary 
divisor of ($(971)) with respect to 971 is not given by a <£>-stable subspace. 
Proof of (b): Let 971 £ TV be v-admissible. Then 97t G T and 

<d 1 (9Jt,p red )<ii E r a . 

We show that di(97t,P rcd ) = I ^Er which implies flTTi) . 
Suppose that 971 = [a;, m(v)] z with 2 G F and 

a , = ± D-l2_l eZ TO ( V ) = 2e-d'-2s = 2 e -n-r 3 -2 a 

p—1 5 v ' p—1 p—1 

In this case we find 

x + m(v) = 2e ' 2s ' (ri + r l ) 1 ±(ri ' r2)Tl £ 2Z, 

contradiction. We are left to show that 971 G X^ M i(F), i.e. that there exists a 
vector egj; G 971 and a $-stable subspace FJuJetm C 971 with $(egj{) = au e ~ ri e$)i- 
An easy computation shows that we may choose 

em =u L T^ L {zei + e 2 ) if 971 = [^5? , m(v)] z , zGF 

e m = iTl^e 1 if 9Jt=[-^?,m(v)]o. 

□ 

We conclude the discussion by determining the cases where GHy w °q is reduced to 
a single point. 

Corollary 4.12. (i) If m(v) = mod 2, i/ien e^° c = {*} iff < 2 - 

(ii) If m(v) = 1 mod 2, i/ien GTZy^ can not be a single point. 



admissible. By Lemma l4~9| this is the case iff I r— T 2 < 





->~2 


p 


-1 


ri 


-T2 



gn v ^° c ie>f f = p^ ^ 1 < 11511 < 3 . 

Proof, (i) As m(v) = mod 2, the lattice [0, m(v)]o is always v-admissible. It 
is the unique point of G7£y F °o if the lattices 971 with c?i(97l, P re d) = 2 are not v- 
admissible. By Lemma [4791 this is the case iff '^Ip < 2. 

(ii) The scheme is empty if the lattices 97t with di(97t, P re d) = 1 are not v- 

ri-r 2 
p-1 



If r Er ^ x . then the lattices 



{[1,0], I zgF}U{[-1,0] } 
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are v- admissible and form a Pi. Again by Lemma 14.91 there are no other v- 
admissible lattices iff Tl ~J^ < 3. □ 

4.2. The case (Mf,$) = (Mi,$i) © (M 2 ,G>2)- In this section we treat the case 
where (Mg, $) becomes isomorphic to the direct sum of two non-isomorphic one- 
dimensional objects after extending the scalars to some finite extension. The situ- 
ation is the following: There exists a finite extension F' of F and a basis ei,e2 of 
Mf< such that 

(au a \ 
~ \ 6u*J 

with a, 6 e F /x and < s, t < p — 1. As we are assuming that the direct summands 
are not isomorphic, we further have s ^ t or a ^ b. Again we find $(P rc d) = -P rc d- 

Lemma 4.13. Let Q € 23(m(v)) be an arbitrary point. Let Q' £ Aq fl B(m(v)) be 
the unique point satisfying d\{Q, Q') — di(Q,Ao). Then 

d^QMQ)) = {p + l)d 1 (Q,P red )-2d 1 (Q',P Ied ) 
d 2 {Q,${Q)) = {p-l)d 2 (Q,P Ted ). 

Proof. This is similar to Lemma l4~9l Again the statement on d 2 is an immediate 
consequence of Lemma l4~7l Let Q be any point. We may assume that the unique 
point Q 1 € Aq fl8(m(v)) satisfying di(Q,Q') — di(Q,Ao) is given by [x,m(v)} 
with x > The case x < |5f is obtained by interchanging e\ and e 2 . 
If Q = Q' , then Q e Aq and the statement is a consequence of Lemma l4~7l 
Assume Q =^ Q' and put 

Q = [x,m(v)] q , Q' = [a/,m(v)]o 
with x > x' = Wu(g) > jEf • Now <J>(Q) = [px + s - t,pm(v) + s + t] g > with 
q' = ab- 1 u- { - t - s m q ). 

Ifs^t, then x' = v u (q) > or equivalently x' = v u (q) < v u (q') = pv u (q) — (t—s), 
and we find 

di{Q, HQ)) = {x- x') + (px' - (t - s) -x') + (px + s-t- {px 1 +s- t)) 

= {p+l){x-^)-2{x'-^) 

= (p+l)d 1 (Q,P 1 . cd )-2d 1 (Q',P Icd ). 

If s = t, then a b. We find v u (q) ^ v u (q') if v u (q) ^ and in this case the 
computation is the same as above. 

If q = ao + a\u + . . . with ag ^ 0, then q' = a6 _1 ao + . . . and hence the absolute 
coefficient of q is different from the absolute coefficient of q' . The geodesic between 
Q and the projection of &(Q) to B(m(v)) contains the point Q' = [0,m(v)] o = 
[^5f,m(v)] . Hence 

di(Q, $(Q)) = x + {px + s-t) = (p+ l)x 

= (p+ l)di(Q, P Ted ) - 2d 1 (Q', P Ied ). 

□ 

Remark 4.14. Again, this Lemma shows the connection to |PR2] 6.d. The point 
fixed by $ is again the point P ro d- 

If s = t, then we are in the case B 2 of loc. cit.: The projection of the fixed point 
to the building for PGL 2 (¥((u))) is a vertex. Exactly two of the half-lines of the 
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link of this vertex are fixed by 

If s 7^ t we are in the case A 2 of loc. cit.: The projection of the fixed point 
P re d is not a vertex but it lies on an edge and the projections of the two half-lines 
{[x, m(v)] | x < |Ef } and {[x, m(v)] | x > |=§ } to the building for PGL 2 (¥((u))) 
are fixed by 

Proposition 4.15. Wii/i the notations of Definition ^. l\ and \4-0-3\ , \4-0- as- 
sume that 

(M f> *) = (^(a)[I],^)©(OT*(6)[i],$D 

with a, 6 6 F x and < s, t < p — 1. Further assume a^b or s =^ t. 

(i) The schemes X7 M n are empty for all [AT] € <S(v)\{[M ], [M 6 ]}. 

(ii) If s — t, then 

r »/f i — -A r a*, i — 



i/ m (v) + r^LL 2Z 

ri-r 2 
p-1 



[Ma] [Mb] '{*} t/m(v) + r -j~r e 2Z ' 



/wrtfter = XJ Mb] iff n = r 2 . 

(Hi) If s t, then 



W */|Ef-^Ef +m(v)G2Z 





-''2 


P- 


-1 


'1- 


-''2 


P" 


-1 


n- 


»'2 


P- 


1 


n- 


»'2 



p-1 

X v M */|Ef + +m(v)^2Z 
[Mbl \W */|Ef + + m(v) G 2Z. 

fire,) 7/ non empty the scheme Xq is connected. 
Proof. Again, this is similar to the proof of Proposition 14.111 

First, we link any v- admissible lattice to a v- admissible lattice in Ao by a chain of 
P 1 . 

Let 9Jt be any v-admissible lattice and let Q' G AqD B(m(v)) be the unique point 
with d\(Q,Q') = di{Q,Ao). Again, we may assume without loss of generality 
Q' = [x 1 , m(v)]o with x' > ■ Completely analogous to the proof of Proposition 
I4,ll[ we find a morphism 

X : P| - 9K^ 

such that x(0) = 9JI and di(x(oo),Ao) < di(Wl,Ao)- By induction on the distance 
di(%Jl,Ao), we find that we can link any v-admissible lattice to a v-admissible 
lattice in Aq. 

Now assume 971 = [x, m(v)]o G Aq. 

If a? > |5f , we find a map P 1 — > £7^, q C , as in the proof of Proposition 14. Ill whose 
image contains [x, m(v)]o and [x — 2, m(v)]o, if (p — l)(x — |zf) — r i — r 2 — 2. 
If x < j we find a map P 1 — > GTZy lo Q c whose image contains [x, m(v)]o and 
[a; + 2, m(v)] 0l if (p - l)(|Ef - a:) < n - r 2 - 2. 

Similarly as in Proposition 14.111 one can proof the following two facts: 

(a) The set 

N = {Wl G Gn^° c (¥) Ao or (me Ao and di (3Jt, P rcd ) < 

consists of non-v-ordinary lattices. 

(b) If 371 G Ao is v-admissible, then 

di(0Jl,P red ) > Ll 1 ^r 1 di(9Jl,Ped) = 
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Now Af defines a connected subset of Xq : 

If s 7^ t, then there is a unique lattice with minimal distance from [|5f> m ( v )]o and 
every v-admissible lattice in Af can be linked to this lattice by a chain of P 1 . 
If s = t, then either [|Ef) m ( v )]o is a lattice itself and any v-admissible lattice can 
be linked to this lattice by a chain of P 1 , or there are two v-admissible lattices 
[±l,m(v)]o in Af with distance 1 from [0,m(v)]o and by the above there is a 
morphism 

containing both lattices in its image. Thus Af defines a connected subset. 
Consider the following points: 

Q+ = [^ + ^,m(v)] 

Q- = [jEf-^E?,m(v)] . 

We are left to show that, if one of these points defines a lattice Wl + = Q + (resp. 
9Jt_ = Q-), then this point lies in X7 M i (resp X7 M A. 

L m/v 1 ! C O'W. tVion D 

p— 1 p — 1 



If t=s _ + m(v ) e 2Z, then Q_ = 9Jt_ is a lattice and 



e m _ = u ( e -''i- s )/(p-i) ei 

defines a $-stable subspace satisfying ^(egjj- ) = aw e ~ ri egju, i- e - *= ]■ 
If |Ef + I p^T 2 + m ( v ) e 2Z > thcn <9+ = 9^+ is a lattice and 

e m+ = ')/(P-D e2 

defines a $-stable subspace satisfying < &(egji + ) = 6u e_ri egj; + , i.e. G ^[M b ]- 
We have two different cases: 

If s = t and ^Ep- + m(v) G 2Z, then the lattices and define points 
SDt- G -^"[m ] an( ^ ^+ *= -^[Mt] wmcn coincide iff n = r 2 . 
If s ^ t, then 

Q_ defines an isolated point in -X"^ i <^ * - J^ 1 , r2 ' 1 + m(v) G 2Z 



Q+ defines an isolated point in ILi <^ * S+ }-\ ^ +fn(y) G 2Z. 



-[M ] w — p^T 
rv j. t-s+(n- 

^ FT" 



This cannot happen at the same time, as ^ Z. This finishes the proof of the 
Proposition. □ 

Corollary 4.16. (i) Assume s = t. 

(a) 7/m(v) = mod 2, then 9K V ^ = {*} iff^ <2 . 

(b) If m(v) = 1 mod 2, £/ien QTiy^o cannot be a single point. 

< = Wu{*} ^l<^f <3. 

(m,) Assume s ^ t. 

Define xq = Lp^fJ anc ^ wriie £ = — xo for the fractional part of |5f- 

ri? v,loc , , JO + C<^Ef <2-C */m(v)EE.T mod2 
\l-€< ^ < 1 + e ifm(y)^x mod 2. 
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Proof, (i) This is nearly identical to Corollary 14. 121 

(ii) Assume m(v) = x mod 2. Then [xq, m(v)] is the unique lattice with minimal 

distance d\ from P ro d. By Lemma \4. 131 it is v-admissible iff T pZi 2 > £• 

Again by Lemma [4.131 it is the only v-admissible lattice iff [xq + 2, m(v)]o is not 

v-admissible. This is the case iff ri ~ 7 " 2 < 2 — f . 

p— l ^ 

The case m(v) ^ xq mod 2 is similar. □ 

4.3. The case of a non split extension. Finally, we analyze the case where 
(Mjr, $) is a non split extension of two one dimensional objects. There is a basis 
d, e 2 such that 

M- ~ ( au ' 7 

with 0<s,i<p— 1 and a, b € F x , 7 € f((u)). In any basis of the form ex, qe\ + e 2 
defining the apartment A q , the endomorphism <& is upper triangular with diagonal 
entries au s and bu*, and we fix the basis such that the valuation of the upper right 
entry k :— v u (p/) is maximal. 

Lemma 4.17. (i) The integer k = v u (j) satisfies 

k < t*=Z. 
— p-i 

(ii) IfDJl— [x, y\ q with min{x,v u (q)} > then 

di(9Jt,($(9Jt))) = {p+l)x + s + t-2k 

d 2 (m, ($(sw)» = (p - i)rf 2 (Jm, p cd ). 

fmj // 971 = [a;, y] g wife a; < ^ or u u (<?) < fei Q' e .4 H 6e i/ie unique 
point such that dx(Wt, Q') = dx(Tt,Ao). Then 

di(3R, ($(971))) = (p+l)di(OT,P rc d)-2di(Q',P red ) 
^(971, ($(971))) = (p - l)da(SW, P r ed). 

Proof, (i) This follows from the maximality of fc = u u (7): We have 

(4.3.1) $(gei + e 2 ) = (7 + au s (j){q) - bu t q)ex + bu^qei + e 2 ). 

And 

t>„(cm <t>{q) -buq) = i p t _ l 
[pv u (q) + s ifv u {q)<j^. 

If we had k = v u (7) = v u (q) + t for any q with v„ (q) > 1 we could delete the 
leading coefficient of 7 in (|4.3.1[) which contradicts the maximality of v u (7) . Hence 
we have k < v u (q) + 1 for all q with v u (q) > which yields the first claim. 

(ii) The first part of the lemma implies > k — t and hence our assumptions on 
v u (q) imply k < min{v u (q) + t,pv u (q) + s}. We find v u {"i + au s 4>(q) -~bu l q) = v u {"i) 
and we may assume q = 0, i.e. 971 € „4o, as the situation is the same as in the 
standard apartment. Now we have ($(97t)) = [px + s — t,py + s + i]6-i«-' 7 , and 
x > ^ implies 

px + s — t>k — t, x > k — t. 
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Thus di(£Dt,($(£Pt))) = (jax + s — t—(k — t)) + (x — (k — t)) = (p + l)x + s + t-2k. 
The statement on d 2 is easy. 

(Hi) If 9Jt A , then v u (q) < ^ < |^ and hence 

v u {l + au s cj)(q) — bu q) — v u {au s cf){q) ~ bu q) 

and the situation is the same as in the split case, i.e. the case 7 = 0. If 9Jt £ Ao, 
then (<E>(9Tt)) G Ao and the statement is easy. □ 

Remark 4.18. In the case of a non split extension we are in the case B 2 or A 3 
of [PR2] 6.d. More precisely, if ^ ^ Z, then the unique fixed point of ( [PR2] . 
Prop. 6.1) is not in the building B. It is only visible after extending F((u)) to 
some separable wildly ramified extension (the apartment containing the fixed point 
will branch off from Ao at the line x = because we can successively delete 

the leading coefficient of 7 in (|4.3.ip if there is some q with «„(«/) = *=*). The 
image of the half line {[x,m(v)]o | x < ^p} in the building for PGL 2 (¥((u))) is 
stable under $ and the geodesic between [L^pJ + 1, m ( v )]o and its image under i> 
contains the (projection of the) point [xo, m(v)] in the building for PGL 2 (F((m))). 
This is the case A 3 of [PR2] 6.d. 

If € Z, then we are in the case B 2 of |PR2j 6.d.: In this case the maximality 
of k = v u (q) implies k — t — = = (otherwise we could delete the leading 
coefficient of 7) and we find that P rec j is the fixed point in the building. In this case 
there is a unique half-line in the apartment for PGL,2(F((u))) that is fixed by 
namely the image of the half-line {[x, m(v)]o | x < 0} under the projection. 

Proposition 4.19. With the notations of Definition ^. 1\ and t \4_.0.3ty , y.0, 7] ), as- 
sume that (Mf , $) is a non split extension 

0^ (M s (a) [!],$•) -> (M f ,3) - (OT*(6)[i],$* fe ) - 

for some a,b £ ¥ x and < s, f < p — 1. 

(%) TTie schemes XL,, are empty for all [M 1 ] £ S(y)\{[M a ]} . 
(ii) For X^ M j ifte following holds: 

xv ffl i/f-f-^E? + ™(v)^2Z 

[Mo1 \{*} <f|_f-^Ef +m(v)G2Z. 

fmj If non empty, the scheme Xq is connected. 

Proof. Lemma 14.1 71 f») implies < |5f an d an easy computation using the same 

inequality shows that 

!=« _ D-T2 < k^s k^s < 1 / _ _ t + 2k s 

p— 1 p— 1 — p p — p+i v 1 z 

and hence 

t-s _ ri^ < < 1 r _ t + 2 ja 

p— 1 p— 1 — p — p+l V 1 z n 

if GT£y v q C 7^ 0- Further denote by A/" the set of v-admissible lattices 971 = [x, m(v)] q 
with ^ < mxn{x,v u (q)}. 

As we have seen above, the situation for the v-admissible lattices 971 ^ A/" is the 
same as in the split case. Hence we can link all v-admissible lattices to v-admissible 
lattices in Aq by a chain of P 1 . If 971 = [x,m(v)] is a v-admissible lattice in Ao 
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with x + 2 < then there is a P 1 in GHy r ™ containing 971 = [x, m(v)]o and 

[x + 2, m(v)]o , except if 97t = 97t_ = [ *~ s ~^ 1 1 ~ r2 ^ , m(v)] which defines an isolated 
point in -Xm^-i if — I ^T 2 ' + m ( v ) € 2Z (compare Proposition I4.15|l . 
Let 971' = [xo,m(v)] be the lattice where xo is the maximal integer smaller than 
■^p that is congruent to m(v) mod 2. We claim: 

fa,) 7/971' is v-admissible and xq ^ |Ef — r pli 2 , i/ien ant/ lattice inAf can be linked 

to 971' &y a chain of P 1 . 

^ TTie lattices 971 G A/" are non-v- ordinary. 

This finishes the proof of the proposition. 

Proo/ o/ (aj: Let 971 = [ir, m(v)] 9 G TV be a lattice. Without loss of generality, 
we may assume 971 G A), as the situation is the same in all apartments A q with 
v u (q) > ^p. By Lemma f47T7j we have 

<z< ^i(ri-r 2 -a-t + 2/E). 

We consider the basis 

of 971 and by Lemma [377^ there is a morphism 

X ■ P|. -> Grass Mg 

with x(^) = [x, m(v)] z x-i for z G F and x(°°) = [ x ~ 2, to(v)]q. 

If x — 1 > , then the morphism factors over QT^y w °Q ■ Consider the following two 

cases: 

If < Xq + 1, then this argument shows that we can link all 971 G Kf to the lattice 
[xo, m(v)] by a chain of P 1 . 

If > Xo + 1, then this argument shows that we can link all 971 G TV" to the 
lattice 97t" = [x + 2, m(v)] by a chain of P 1 . We can link the lattice 971" to the 
lattice 971' = [a;o,m(v)]o if the lattices 97t 2 = [xo,m(v)] xu <c-i are v-admissible for 
all z G F. For z^Owe have 

di(aR*,<$(aK,)» = (p+l)di(97t 2 ,P rc d)-2di(g',P 1 . od ), 

where Q' = [aro + l,m(v)]o is the unique point in Aq with minimal distance from 
97t 2 . Hence di(Wt z , ($(£Ul z ))) = di(JDf, ($(£DT')» + 2 and the morphism factors 
through G'R-Vj'q 1 as ^ |Ef — I ^~~T 2 ~- (Otherwise 97t' is the unique isolated point 

™ X [M a] )- 

Proof of (b): Let 971 G A/" be a lattice. Similarly to the proof of Proposition I4.11[ 
we find 

V a 2 2j 

with v u (ai2) < v u (an) and hence the minimal elementary divisor of ($(971)) with 
respect to 971 is not defined by a $-stable subspace. □ 

Summarizing the results on the connected components we find the following Theo- 
rem. 

Theorem 4.20. Assume that (Mr, <&) becomes reducible after extending the scalars 
to some finite extension F' o/F. 

(%) The subschemes X$ and X? M n are open and closed in QTZ^/° C <8>f F for all 
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isomorphism classes [M'\ S <5>(v). 

(ii) If non empty, the scheme Xq is connected. 

(Hi) For each [M 1 ] € <S(v) the scheme X7 M n is either empty, a single point or 
isomorphic to P|. 

(iv) There are at most two isomorphism classes [M'] € <S(v) such that X7 M n ^ 0. 
Proof. This is a summary of the Propositions I4.11[ 14.151 and 14.191 □ 



This theorem implies a modified version of the conjecture of Kisin stated in (|Ki|. 
2.4. 16). 

Definition 4.21. For an integer s denote by GTiyp°o' S the open and closed sub- 
scheme of QT^yl°Q consisting of all v-admissible lattices 9Jt, where the rank of the 
maximal ^-stable subobject 9Jli satisfying ($(9Jti)) = u e ~' ri 37ti is equal to s. 

Corollary 4.22. Assume p^2 and let p : Gk — ► V$ be any two-dimensional con- 
tinuous representation ofGx that admits a finite flat model after possibly extending 
the scalars to some finite extension ofW. 

Assume that E,ndf[G K ](Vr') is a simple algebra for all finite extensions ¥' of¥. 
Then G7Zy^°o' s is geometrically connected for all s. Furthermore 

(i) If s = 1 and Endw[G K ] (Vw) = ¥' for all finite extensions ¥' o/F, then GTZ v ^°q ,s 
is either empty or a single point. 

If s = 1 and Endp/[G K .](VF') = M2QF') for some finite extension ¥' of ¥, then 
GTZ-y°o' s is either empty or becomes isomorphic to Pj., after extending the scalars 
to F'".' 

(ii) If s = 2, then G7Z v ^ q' s is either empty or a single point. 
Proof. Our definitions imply 

,loc,0 



Further 



II yv _l » 'M/ F ,0 

By ([Br], Thm. 3.4.3) we have End r[G/f] (Vw) = Endw(( u )),4>(Mw). The same The- 
orem implies that the image of the category of finite flat G^-representations on 
finite length Z p -algebras under the restriction to Gk^ is closed under subobjects 
and quotients. Hence Vw is irreducible (resp. reducible, resp. split reducible) if 
and only if (Mg>, $) is. An easy computation yields: 
End F /[ Gfc ] (Vw) — ¥' if Vw is irreducible or non-split reducible. 
Endf/[ Gjc ] (Vw) = F' x F' if Vw is the direct sum of two non-isomorphic one- 
dimensional representations. 

Endy/[G K ](VF') = M2(F') if Vw is the direct sum of two isomorphic one-dimensional 
representations. 

The Corollary now follows from Theorem 14.201 and Propositions 14.111 14.151 and 
Ol □ 
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5. The structure of Xq 

In this section we want to analyze the structure of the connected component Xq of 
non-v-ordinary lattices. In the absolutely simple case we have 

xz = gn^® ¥ w 

and this is isomorphic to a Schubert variety. In the reducible case it turns out that 
this component has a quite complicated structure. It is in general not irreducible 
and its irreducible components have varying dimensions. 

5.1. The case (Mf , $) = (M b $i) (Mi, $i). We assume that (Mf , $) is a direct 
summand of two isomorphic one-dimensional objects and we will use the notations 
of section 4.1. First we define some subsets of the affine Grassmannian. 
Denote by n the maximal integer congruent to m(v) mod 2, such that 

(5.1-1) "< n ^- 
Denote by I the minimal integer such that 
(5.1.2) n + 2< ri -;\+ 2 ' - 

For z € P : (F) and j > we define the following points: 

Q) = [l + (p + l)j,m{v)] z if zef 

Qf = H-(p + l)i,m(v)] . 

We define the following subschemes Z, Zj C Xq for j > by specifying its closed 
points: 

Z(f) = {97t e B(m(v)) | di(SK, Pred) < n} 
(5-1-3) ^-(F)= |J {M£B(m{v))\d 1 (m,Q z j )<n + 2-l-(p-l)j}. 

We want to consider these subsets as subschemes with the reduced scheme structure. 
Lemma 5.1. With the notations of ^5.1.1^45.1.3^ : 

X V (F)-(|JZ,(F))UZ(F). 

j>0 

Proof. Let 9Jt = [x, m(v)] q be a non-v-ordinary lattice and denote by Q' = [x 1 , m(v)] 2 
the unique lattice with di(DJl,Q') = di(Tl,T). Without loss of generality, we may 
assume that Q' G Co, i.e. z — and v u (q) — x' > 0. 

If 1 < x' = v u (q) < I, then by Lemma l4~9l and the definition of n and I we find that 
971 is v-admissible (and non-v-ordinary) iff di(9Jl, P rc d) < n. 

Jfv u (q) > i, then there is a unique j such that / + (p+ l)i < x' < / + (p+ 1)0 + 1). 
By Lemma SU we find that 9JI is v-admissible iff di(9Jt, P rc d) < r i-^+ 2s ' , Now 

dl(ajl, Pred) = dl(97t, Q?) + (I + (p + 

and hence 971 is v-admissible iff 

di(3K, Q,°) < ^^^^ + 2 -^t^±M -l-( P - 

By the definition of n and I and the fact a;' — I — (p + l)j < (p + 1) we find that 971 
is v-admissible iff 

di(3R, Q?)<n + 2-I-(p-l)i. 
This yields the claim. □ 
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Proposition 5.2. With the notation of \5.1.1\ - \5. 1.3$ : 
(5.1.4) X^ = (\Jz,)UZ. 

j>Q 

(i) The scheme Z is isomorphic to an n- dimensional Schubert variety. 

(ii) For j > there is a projective, surjective and birational morphism 

fj '■ % x — * z j 

where Yj is an n + 2 — I — {jp — l)j dimensional Schubert variety. Especially Zj is 
closed and irreducible. 

(Hi) If I 7^ 2, then \5.1.$ is the decomposition of Xq into its irreducible components. 

(iv) If I — 2, then the decomposition of Xq into its irreducible components is given 
by 

xz = (J z r 

j>0 

(v) The dimension of Xq is given by 

dim XX 

Proof, (i) The closed points of the scheme Z are the lattices with distance smaller 
than n from the point [0, m(v)] . By the same argument as in the proof of Theorem 
13.91 (b), this is an n-dimensional Schubert variety. 

(ii) The scheme Zj is the union of the Schubert varieties consisting of the lattices 
971 with distance di(97t, Qf) < n + 2 - / - {p - l)j =: nj for z e ¥ 1 {¥). 
Let us first assume that m(v) = Xj := I + (p + l)j mod 2, i.e. Qj is a lattice for 
all z £ P 1 (F). For any linearly independent vectors b\ and 62 denote by 

^(61,62) : Yj <— > Grass Mf 

the inclusion of the Schubert variety of lattices 971 with 

d x (SW, (61,62)) < rij 

d 2 (m, (61,62)) = 0. 

First we construct a morphism 

fj : P| x Yj -> Grass Mf.. 

The inclusion ip( e i> e 2) defines a sheaf M.Yj of 0y, flu] -lattices in MpigipOy-^. If 
U = Spec A C is an affine open we write 971,4 = T(U, Aiy^ ) for the A flu] -lattice 
in Mf<8>fA defined by M.y r To define the morphism fj we define a sheaf M. of 
P i x yJu] -lattices in M f g f P i xYj .. Let P| = V U with Vb = SpecF[T] and 

^00 = SpecF[T -1 ]. We define .M by specifying its sections over the open subsets 
V x U of Pi x Yj where V C P| and [/ = Spec A C Yj are affine open subschemes. 

If V = SpecF[T] g C V for some 3 € F[T], then r(F' x C/,7W) is the pushout of 
97t,4 ( 8u^l[7 1 ]g via the endomorphism of Mf®fA[T] g defined by the matrix 

C A = 
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If V" = SpccFp 1 - 1 ],, c Voo for some h G F[T _1 ], then T(V" x U,M) is the pushout 
of WIa'&aAIT^ 1 ]/! via the endomorphism of Mp <% ^[r -1 ]^ defined by the matrix 

= u (rn( V )+x j )/2 T -l u (m(v)-x j )/2 J ' 

These definitions are compatible: if V C Vq fl = SpccF[T, T -1 ], then the 
matrices and differ by a unit (namely T resp. T _1 ). Further this definitions 
are compatible with localization in the following sense. 
If U' = Spec B dU = Spec A is an affine open, then 

Y{V' x U',M) = Y{V' x U, M)® A B, 

as 9Jts = TIa®aB. And similarly for V" and for localization on P|. As the sets 
{V x U, V" x U | V C Vb , y" C Voo , C/ C affine open} form a basis of the 
topology this indeed defines a sheaf of O r i xYj [w] -lattices on P| x Yy. 




Figure 8. The closed points of Zj in the building in the case 
p = 3, F = F 3 . The fat points mark the points Q] for z e ¥ 1 (¥). 

By construction the values of fj on closed points are given by 

Ji ((zi : z 2 ), x)=i> (u^+ x ^ 2 ( Zl e 2 + z 2 e 1 ),u^-^/ 2 (z 1 e 1 + z 2 e 2 )) (x). 

If we set T = z e F (resp. T _1 = 0), then we pushout the Schubert variety Yj 
along the automorphism 

ei _> u Mv)+*,)/2 ei 

e 2 h+ u ( m ( v )-^)/ 2 (z ei + e 2 ). 

This is the Schubert variety consisting of the lattices 9Jt with d\(9Jl, Qj) < rij, 
where 

The conclusion for the point at infinity in P 1 (F) is similar. This also shows that 
the image of fj is Zj. As P| x Yj is reduced, the morphism /j factors through 
Zj and we obtain a surjective morphism fj : P| x Yj — ► Zj. As the source of this 
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morphism is projective, it follows that Zj is a closed irreducible subset of the affine 
Grassmannian and that the morphism fj is projective. 

We have to show that it is birational. Denote by U C Yj the subset of all lattices 

Tij — 1 

{m=(u n ^ 2 e 1 ,u- n ^ 2 (qe 1 +e 2 )\q = £ a t u 1 )}, 

z=0 

(our assumptions guarantee that rij is even in this case). This subscheme is iso- 
morphic to the affine space A™ 3 and is a maximal dimensional affine subspace of 
Yj. Now V — fj(Vo x U) c Zj is the subset of all lattices 

{n+2j+l 
M = (u (n+2 ^/ 2 e 1 ,u' (n+2 ^/ 2 (qe 1 + e a )) | 9 = a + £ 
i=i+(p+i)j 

This is again an affine space and fj maps VqXU isomorphically onto V. Thus it is 
birational. 

The case m(v) ^ mod 2 is similar. We have to consider the lattices 

[I + (p + m(v) - l] z for z e F 

H-(p + l)j,m(v)-l] 

instead of Q|. Now Yj Grass Mf is the inclusion of the Schubert variety of 
lattices 9JI with d^tyR, 62)) = 1 and the same condition on di as above. The 
conclusion is now similar. 
(Hi) For i > we always have 

i-l 

Zi£(\JZj)UZ, 
3=0 

because for example [n + 2i + 2, m(v)]o £ ^i(F) but not in the latter union, as we 
can see from the definitions. If I ^ 2, then 

Z£\JZj 

j>0 

because for example [71, m(v)]„ € Z(F) but not in the latter union. The claim 
follows from that and the computation of the dimensions: At first consider Z C Xq , 
This is irreducible and its complement has dimension less or equal to dim Z. Now 
consider Z U Zq 7$ Z. The complement of this subscheme has dimension (strictly) 
less than dim Zq. Proceeding by induction on j yields the claim. 

(iv) In the case ( = 2we have Z C Zq: If 971 = [x, m(v)] q € Z(F) and if we assume 
again v u (q) > 0, then di(£Dt, T) <n—l and hence 

di(m, Q° ) = diQDt, Q') + di(Q', Qg)<n-H-Z-l = n + 2-I. 

Thus each point 9JI € Z(¥) is also contained in Zq. The statement now follows by 
the same argument as in (Hi). 

(v) This is a consequence of (i)-(iv). □ 

Remark 5.3. On each of the half lines £ z for z G P 1 (F) we find Schubert varieties 
with decreasing dimensions. This behavior is called "thinning tubes " in [PR2J 6.d. 
compare loc. cit. B 2. 
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5.2. The case (My, $) = (Mi, $1) © (M 2 , $2)- In this section we assume that 

/ cm s 
6 M * 

with a, 6 6 F x and < s,t < p — 1. Further we assume s ^ t or a 7^ 6. 

Assume s — t and let n be the largest integer that is congruent to m(v) mod 2 

and that satisfies 

(5.2.1) n <^- 
Denote by I the smallest integer satisfying 

(5.2.2) n + 2 < ri ~^ 2 1 +2 ' . 
Define the points 

Qf = [±(l + (p+l)j),m(v)} , 

and the subschemes Z, C ATq by: 

Z(F) = {M e S(m(v)) I di (971, P rcd ) < n} 

Z±(F) = {971 e S(m(v)) \ d 1 (m,Qf)<n + 2-l-(p- 

Proposition 5.4. Assume s = t and define n and I as in <\5.2.1$ and \5.2.2\ . 

(i) The scheme Z is isomorphic to an n-dimensional Schubert variety. 

(it) The schemes Zj are isomorphic to n + 2 — I — (p — l)j dimensional Schubert 

varieties. 

(Hi) If I y^z I, then 

XZ = ZU(\JZ+)U(\Jzr) 

j>0 j>0 

is the decomposition of Xq into its irreducible components. 

(iv) If I = 1, then 

xz = (\Jzf)u(\Jzr) 

j>0 j>0 

is the decomposition of Xq into its irreducible components. 

(v) The dimension of Xq is given by 

dim XX = 

Proof, (i) and (it) follow immediately from the definitions. 
As in Lemma HU] we easily find 

(5.2.3) XZ = ZU(\Jzf)U{\JZT) 

j>o i>o 

and as in Proposition 15.21 we find 

i— 1 i— 1 

zt£Zu(\Jzf)u(\Jzr). 

j>0 j>0 

Further 

Z£Z$ if 1 

ZcZj if I = 1. 
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The computations are the same as in the proof of Proposition 15.21 with the only 
difference that we have to replace T by Cq U Coo — Ao fl B(m(v)). Part (Hi) and 
(iv) now follow exactly as in the proof of Proposition 15,21 

Finally (v) follows from (i)-(iv). □ 

In the case s/(we have to distinguish more different cases. We only sketch the 
structure of the irreducible components. 

Denote by xq = L^5f J the integral part of |5f - Let n+ be the largest integer 
congruent to m(v) mod 2 such that 

(5-2.4) n+ < |=f + ^i(ri - r 2 + 2(x + 1 - fEf))- 

Let rt_ be the smallest integer congruent to m(v) mod 2 such that 
(5-2-5) n_>|5f- 5 4 T (n-r2+2(|5f-xo)). 

By Lemma f4. 131 these numbers have the following meaning: The maximal distance 
di of a v-admissible lattice in A q \Ao with v u (q) = xq + 1 from P re d is — 
the maximal distance d-y of a v-admissible lattice in A q \Ao with v u (g) = xo from 
-Pred is |Ef — n_. We define 

xi = n(n+ + n_) 

(5-2.6) 

rt = j{n + —n_). 

Let Z be the subscheme whose closed points are given by 

Z(¥) = {Wle B(m(v)) | di(SOT, [n, m(v)] ) < n}. 

This is a n-dimensional Schubert variety. Let Z+ be the smallest integer such that 

n+ + 2 < |E| + ^(ri - r 2 + 2(Z+ - |Ef)), 

i.e. the smallest integer such that there are v-admissible lattices with ^-coordinate 
n + + 2 in the apartments branching of from Ao at the line x = Z+. 
Similarly, let Z_ the largest integer such that 

n_-2>l E t- ? i T (r 1 -r 2 + 2(|Ef-Z-)). 
For j > we define the following points 

Q+ = [I+ + (p + l)i,m(v)] 
07 = [Z--(p + l)j,m(v)]o. 
Again, we define the following subschemes of Xq : 

2 ^ + (F) = {971 e B(m(v)) | di(9Jt, Q+) < n+ + 2 - Z+ - (p - l)j} 

Z/(F) = {Wle B(m(v)) | di(£W, Qj) < Z_ + 2 - n_ - (p - l)j}. 

These subschemes are isomorphic to Schubert varieties. 

Lemma 5.5. With the above notation we have 

(5.2.8) A^(F) = Z(¥) U (|J Z+(F)) U ((J Zr(F)). 

i>o i>o 
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Proof. The proof of this fact is similar to the proof of Lemma 15.11 

If 9Jt = [x,m(y)] q is a lattice, we denote by Q' the unique point in Ao fl B(m(v)) 

with di(SDT,Q') = d 1 (M,A ). We assume that Q' = [x',m(v)] with x' > |ef- 

If x' < l+, then 97t is v-admissible (and non-v-ordinary) if and only if 971 € Z(¥). 

This is a direct consequence of the definitions. 

If x 1 > 1+ , there is a unique integer j > such that 

l+ + (p+ l)j < x 1 < 1+ + (p + l)(j + 1). 

In this case the definitions imply that 971 is v-admissible (and non-v-ordinary) if 
and only if 971 S Z^ (F) (compare the proof of Lemma 15. ip . 

The conclusions for x' < ^— ?■ are similar. In the set of coordinates considered 

p-l 

above, the computations become more complicated, but we can also deduce this 
result by interchanging e\ and e<i- □ 

Proposition 5.6. With the notations of ^5.2.4^ - ^5.2.71 : 
(5.2.9) XZ = ZU(\JZ+)U(\Jzr). 

3>0 j>0 

(i) The scheme Z is isomorphic to an n- dimensional Schubert variety. 

(ii) For j > the schemes Z^ are isomorphic to Schubert varieties of dimension 

dim Zf = n+ + 2 - 1+ - (p - l)j 
dim Zj = I- + 2 - n_ - {p - 

(Hi) If Z <jt Zq U Zq , then (| 5. 2. 9\\ is the decomposition of Xq into its irreducible 
components. 

(iv) IfZcZ+U Zq, then 

^o = (U^) u (U^) 

j>0 j>0 

is the decomposition of Xq into its irreducible components. 

In this case we would have to consider many cases in order to determine whether 
Z C Zq U Zq or not from the given integers n, r%, s, t. 

Proof. By use of Lemma 1575} this is nearly the same as in the proof of Proposition 
l5~4l □ 

Remark 5.7. Again, we find that the Schubert varieties of decreasing dimension 
defined above correspond to the "thinning tubes" in [PR2] 6.d along the <I>-stable 
half lines {{x,m(v)]o \ x < ^5fi an ^ {[ x > m (v)]o \ x > |Ef} m the building for 
PGL 2 (¥((u))). 

5.3. The case of a non split extension. As in section 4.3, we assume that there 
is a basis ei, e2 of Mf such that 

( au s 7 \ 

for some a, b e F x , 7 € F((u)) and < s,t < p — 1. We assume that (M§, $) is a 
non-split extension and use the notations of section 4.3. 
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Denote by xo the largest integer Xo < . Let n+ be the largest integer congruent 
m(v) mod 2 such that 

(5.3.1) n+ < ^(n -r 2 -s-t + 2k). 

Let n_ be the smallest integer congruent m(v) mod 2 such that 

(5-3.2) n _ >i-__^_ (ri _ r2 + 2(1^-^))- 

These numbers have the following meaning: The integer n + is the maximal x- 
coordinate of a v-admissible lattice in A q with v u (q) > further — is 
the maximal distance di of a v-admissible lattice in A q \Ao with = xo from 

P ro d- As above, we define the following integers 

x\ = \{n + + n_) 

(5.3.3) 

n = 2l n + — n-). 
We have Xi € {xo, xq + 1} which can be deduced from the equation 

(Here, we compute the distance from the point and write instead of xo as 
in (|5.3.2p ). We define the following subset 

(5.3.4) Z(¥) = {971 e B{m{w)) | di(97t, [xi,m(v)] ) < n}. 
Let I- be the largest integer such that 

(5.3.5) n __2>i5f-^ T (r 1 -r 2 + 2(l5f-Z_)). 

For j > we define the points Q~ = [/_ — (p + l)j, m(v)]o and the subsets 

(5.3.6) 25- (F) = {971 G B(m(v)) | di(97t, Q7) < I_ + 2 - n_ - (p - l)j}. 
Lemma 5.8. PFii/i the above notations 

X^(¥)=Z(f)U(\JZr(¥)). 

Proof. Let 97t = [x, m(v)] 9 be a lattice. 

If v u {q) > (or equivalently if v u (q) > x ), then (by Lemma I4.17P 971 is v- 
admissible (and non-v-ordinary) iff 

x< -p^{ri-r 2 - s-t + 2k), 

or equivalently iff x < n + . 

If v u (q) — xq and x > v u (q) , then (by Lemma I4.17|l 971 is v-admissible and non-v- 
ordinary iff 

^(971, [l5f , m(v)] ) < ¥ L I ( ri -r 2 + 2(§Ef - x )), 

or equivalently iff di(97t, [|5f > TO ( v )]o) < |zf — n -- By the definitions of £1 and n 
and the fact x ± € {xo,xo + 1}, we find that in both cases 971 is v-admissible (and 
non v-ordinary) iff 971 G Z(¥). 

For the v-admissible lattices 97? = [x,m(v)] q with v u (q) < xq we proceed as in the 
proof of Lemma f5.5l □ 
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Proposition 5.9. With the notations of (fOTZ]) - (pTX6|) .- 

(5.3.7) XZ = ZU(\Jzr). 

(i) The scheme Z is isomorphic to an n-dimensional Schubert variety. 

(ii) For j > the schemes ZJ are isomorphic to Schubert varieties of dimension 

dim Zj = I- + 2 - n- - (p - 

(Hi) If Z <f_ Zq , then (|5,ff.7p is the decomposition of Xq into its irreducible com- 
ponents. 

(iv) If Z C Zq , then the decomposition of Xq into its irreducible components is 
given by 

Proof. (i),(ii) This follows from the definitions. 

(iii) ,(iv) As in the discussion of the other cases, our Schubert varieties are con- 
structed in a way such that 

Zr<£ZU(\JZ7) 
j=o 

for all i > 0. The claim follows from this and the computation of the dimension 
(compare the proof of Proposition I5.2p . □ 

Remark 5.10. We find a sequence of Schubert varieties of decreasing dimension 
along the unique ^-stable half line {[x,m(v)] \ x < ^f-} corresponding to the 
"thinning tubes" in |PR2] 6.d. 

Further, we find a Schubert variety Z corresponding to a ball with given radius 
around a given point as in loc. cit. A 3 resp. B 2. 

The discussion of this section implies the following result. 

Theorem 5.11. //(Mf,$) is not isomorphic to the direct sum of two isomorphic 
one- dimensional ^-modules, then the irreducible components of Xq are Schubert 
varieties. Especially they are normal. 

6. Relation to Raynaud's theorem 

In this section, we assume p ^ 2. In [Ra], Raynaud introduces a partial order on 
the set of finite flat models for Vf (i.e. the set of F-valued points of GT?-v F ,o) by 
defining Gi ^ Gi if there exists a morphism G2 —> Gi inducing the identity on the 
generic fiber of Spec Ox. By (loc. cit. 2.2.3 and 3.3.2), this order admits a minimal 
and maximal object (if the set is non-empty) which agree if e < p — 1. 
In our case, Raynaud's partial order is given by the inclusion of lattices in Mp: 
Inclusion of two admissible lattices is a morphism that commutes with the semi- 
linear map $ and induces the identity of Mp after inverting u. Here, a lattice 971 is 
called admissible if it defines a finite flat group scheme, i.e. if w e 97t C ($(971)) C 9Jt. 

Proposition 6.1. Let p : Gk —> Vw be a continuous representation ofGK- Assume 
that there exists a finite extension ¥' o/F such that there is a finite flat group scheme 
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model over Spec Ok for the induced Gk representation on V®> = Vp CSfF'. Then 
there exists a finite flat model for Vv, i.e. 

Qn V¥fi ^%^gn V¥fi {¥)^%. 

Proof. Our assumptions imply G1Zv w ,a(^') ^ for some finite extension F' of F. 
Hence, by Raynaud's theorem, the set (?7\!.y Fj o(F') has a unique minimal element. 
The natural action of the Galois group Gal(F'/F) on QTZ^°q{¥') preserves the 
partial order (it preserves inclusion of lattices) and hence the minimal element is 
stable under this action. Consequently, the minimal object is already defined over 
F. □ 

We now want to reprove Raynaud's theorem in our context: we will show that there 
is a minimal and a maximal lattice for the order induced by inclusion on the set 

Proposition 6.2. There exists a minimal and a maximal admissible lattice 9Jt m i n 
resp. 9Jtmax for the order defined by the inclusion. 

Proof. We only prove the statement about the maximal lattice. The other one is 
analogue. We choose a basis ei, e 2 . The proposition follows from the following two 
observations: 

(a) There exists a unique admissible lattice with minimal y- coordinate. 

(b) If9Jtisa admissible lattice with non-minimal y- coordinate, then it is contained 
in an admissible lattice with strictly smaller y- coordinate. 

Proof of (a): First it is clear that the y-coordinates of admissible lattices are 
bounded below: If 

V /3 A 

and if 9Jt = [x, y] q is admissible, then 2e — d' = (p — l)y + v u (dct A') with 

< d! = dim($(9Jt))/w e Tt < 2e. 

Suppose now that 9Jti and dJl 2 are admissible lattices with the same y-coordinate. 
There is a basis b±, 62 such that 

m = (hM) 

m 2 = (u n b u u- n b 2 ). 

for some n > 0. We have 



(ei,e 2 ) ~ A' 



SDti ~ A = 

m 2 ~ b = 

for some a, (3, ^,5 £ F((w)). Define 



a 0\ 

7 



V LX U> Ml 

L n(p+l) 1 u - n (p-l) § J 



Wl 3 = (buu- n b 2 ) = (l u ° n )sWi. 
Then 97I3 has strictly smaller y-coordinate and is admissible. Indeed: 

m? „ r _ ( <* ^ np P 
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and we have to show: minjj > and v u (det C) — min^- < e. 
But because 97li and WI2 are admissible we know: 

v u {a) > f„(u-™ p /3) > n 

v u {u n ~f) > n Vuiu-^-^S) > 0. 



Similarly w u (det C) — w„(det A) — (p — l)n = v u (dct B) — (p — l)n and hence: 

u M (det C) -v u (a) < e - (p - l)n w„(det C) - v u (u~ np /3) < e-pn 

v u {det C) - v u (u n j) <e-pn v u (det C) - v u ( U - n(p - 1 '> S) < e - (p - l)n. 

Proof of (b): Let 9Jt be an admissible lattice with non-minimal y-coordinate. Then 
there exists an admissible lattice SOT' with strictly smaller y-coordinate. These 
lattices are contained in a common apartment and hence there is a basis b\ , 62 such 



for some integers m, n with m + n < 0, because the y-coordinate of 9JI' is strictly 
smaller than the y-coordinate of 9Jt. 

Without loss of generality, we assume m — n > 0. Ifm<0, then n < and we are 
done, since then 9JI C 9Jt'. 

If m > we claim that the lattice 9Jti = (bi,u m+n b2) is admissible. Indeed 



Proposition 6.3. If e < p—l, then the minimal and the maximal lattice coincide. 

Proof. Denote the minimal lattice by $H m i n , the maximal by 2ft ma x- There is a 
apartment containing both lattices and we may assume 5H max = (ei,e2) = [0, 0]o 
and 9Jt m in = [x, y]o for some y > 0. 
Let A <G GL2(F((w))) be a matrix such that 



Define d min — dim 9Jtmin/( < £ , (9Jtmin)) and similarly (i max . Then 

2e - d max = 2e - dim 9Jl max /($(9K max )) = u„(det A) 

2e - d mia = 2e - dim 97l m i n /($(9Jl min )) = u„(det A) + (p - l)y. 

Thus we have (p — l)y = d m [ n — d max < 2e < 2(p — 1) and hence y = or y = 1. If 
y = we are done, as 97t max is the unique lattice with minimal y-coordinate. 



that 



m=(h,b 2 ) 
m' = (u m b 1 ,u n b 2 ) 




and the claim follows by a similar argument as in the proof of (a). 



□ 
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Assume y = 1. In this case 9Jt m in C 9K max implies 9Jl m in = [±1, l]o- Without loss 
of generality, we assume $H m in = [— 1, l]o = ( ue i,e 2 ). Then 

^min ^ B = & 

As both lattices are admissible, we have 

max{u„(det B) — w„(u -1 /?), v u (det B) — v u (5)} < e 

and hence: 

v u (a) > v u (j3) - 1 > w u (dct B)-e = v u (dct A) + (p - 1) - e > w u (det A) 
u u (7) > i>„(5) > u„(det B) - e = u u (det A) + (p - 1) - e > u„(det A) 

It follows that 

w u (dct A) = v u (a<5 - /J7) > min{i; M (a;) + v u (S),v u (j3) + v u (^)} > v u (dct A). 
Contradiction. □ 

Finally we want to determine the elementary divisors of ($(9Jt)) with respect to 971 
for the minimal and the maximal lattice in the cases where (Mp, <£>) is simple resp. 
split reducible. If (Mg, $) is non-split reducible, the computations turn out to be 
very difficult and are omitted. 

6.1. The absolutely simple case. As in section 3, we fix a basis e\, e 2 such that 

„ /0 au s \ 
M ^{l 0) 

with a € F x and < s < p 2 — 1. Let 97T m i n be the minimal and 97t max be 
the maximal lattice. Denote by si,s 2 the unique integers < Si < p + 1 resp. 
< s 2 < p — 1 with 

si = s mod (p + 1) 
s 2 = s mod (p — 1). 

Because p — 1 and p + 1 are both even, we find s\ = s 2 mod 2. 

Similarly let s' 2 be the unique integer < s' 2 < p — 1 with 2e — s = s' 2 mod (p — 1). 

Proposition 6.4. Denote by m = ^pf- £/«e integral part of and &?/ Z = ^j^p 

resp. Z' = 2e p l 1 S2 £/ie integral part of resp. ^Sf ■ 

(i) The elementary divisors (a max ,6 max ) of ($(97t m ax)) wiift respect to 97t max are 
given by 

i/ f + me2Z snds 2 >si 

(^p- +P,^±£2 - 1) »/ Z + me2Z ands 2 < Sl 

I ( i^£l+(£±l) , £l±£2zi£zl) ) l + m £2Z and Sl + s 2 >p+l 

[( s 1 +s 2 +( P -i)^ a -s 1 +{p-i) j if l + m( £2Z and Sl + s 2 <p+l. 
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(ii) The elementary divisors (a m i n ,Z>min) of ($(97t m i n )) with respect to 9Jt m i n are 
given by 

(e+ £i i £ ^,e- ^±^) i/ Z' + me 2Z ortdsi < 4 

(e + 1 - ^2., e - p + Si=S3.) if l' + me 2Z and s x > s' 2 

(e+ (p+1) 7 1 '^ ,e+ a i- a 2-(p+D ) ?/ i> + m( £2Z and Sl + s' 2 >p+l 

{e+ Sl - s '*- {p - 1) ,e+ -«i-4-(p-i) ) ^ /' + m^2Z ond «i + a 2 < P+ 1. 

Proof. We only prove the statement on 97t max . From Corollary 13, 101 we know that 
the lattice 9Jt max is contained in the apartment defined by ei,e2. For a lattice 9Jt, 
denote the elementary divisors of ($(9Jt)) with respect to 9Jt by (a, b). Then 5Qt is 
admissible if < b, a < e. As we are assuming that there exist admissible lattices 
we only have to check the condition a, b > for 97t max (and the condition a,b < e 
for 9Jt min ). 

If I + m G 2Z, the candidate for the maximal lattice is [m, — l]o. If this is not 
admissible, then we take [to + 1, — I + 1]q, Computing the elementary divisors a, 6 
by use of Lemma [331 and Definition 12.21 we find the above expressions. In the case 
I + m ^ 2Z we deal with the lattices [m + 1, — 1]q and [m, — Z + l]o- □ 

6.2. The split reducible case. As in section 4, we fix a basis ei,e2 such that 

/a« s 
Mf ^ 6u« 

with a, 6 e F x and < s,t < p — 1. 

Proposition 6.5. (i) The elementary divisors (a max ,Z> max ) of ($(9Jl max )) with 
respect to 9Jt max are given by 



(^m aX ; Z? max ) 



(t, S ) lft>S 

(s,t) ifs>t. 



(ii) The elementary divisors (a m j n ,6 m i n ) of ($(9Jl m i n )) with respect to Tl m - m are 
given by 

(a min , "minj | ((p _ 1)L ^ !J+S)(p _ 1) +f) if ^ < ^ j _ 

Proof. From Corollary 14. 121 and Corollary 14. 161 we know that the minimal and the 
maximal lattice are contained in the apartment defined by ei, e^- Now 

$(w m ei) = au (p ~ 1)m+s (u m ei ) 

$( u "e 2 ) = fe^-^+V^). 

The first part of the Proposition follows from the fact that s (resp. t) are the 
smallest positive integers that are congruent to s (resp. t) modulo p—1. 
The second part follows from the fact that (p — l)|_|5fj + s is the largest integer 
smaller than e that is congruent to s modulo p—1 (and similar for t) . □ 
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